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ABSTRACT OF THE DISSERTATION

Path-Space Differentiable Rendering
By
Cheng Zhang
Doctor of Philosophy in Computer Science
University of California, Irvine, 2022

Professor Shuang Zhao, Chair

Physics-based differentiable rendering—which is concerned with estimating derivatives of
photorealistic rendering with respect to arbitrary scene parameters—has a diverse array
of applications from solving inverse-rendering (aka. analysis-by-synthesis) problems to in-
corporating forward rendering into probabilistic-inference and machine-learning pipelines.
Recently, great progress has been made in physics-based differentiable rendering. Unfortu-
nately, most existing techniques lack the generality to support volumetric light transport

and the efficiency to handle complex geometries and light transport effects.

To address these problems, we introduce in this dissertation a fundamentally new path-space
differentiable rendering framework. Specifically, by differentiating the forward-rendering
path integrals with respect to arbitrary scene parameters, we establish the mathematical
formulation of differential path integrals that capture both interfacial and volumetric light

transport.

Based on this formulation, we develop new unbiased and consistent differentiable rendering
algorithms capable of efficiently handling challenging geometric discontinuities and light-

transport phenomena such as soft shadows, interreflection, and caustics.

To further improve the robustness of our techniques, we leverage antithetic sampling to



efficiently differentiate glossy BSDF's and pixel reconstruction filters.

Lastly, we present the formulation of differential image-loss path integrals that expresses
gradients of image losses as another form of differential path integrals. Based on this formu-
lation, we develop a new approach that allows reverse-mode automatic differentiation to be

integrated efficiently into our path-space differentiable rendering algorithms.
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Chapter 1

Introduction

The goal of this dissertation is to develop general-purpose and efficient algorithms for physics-
based differentiable rendering. To be specific, we expect the algorithms to be capable of
numerically estimating derivatives of rendered images that exhibit complex light-transport
effects (e.g., soft shadows, interreflection, and volumetric scatterings) with respect to arbi-
trary scene parameters (e.g., the shape or reflectance of an object, the position of a light
source, and the pose of a camera). To this end, we concentrate on devising differential vari-
ants of mathematical formulations previously developed for forward rendering. These new
differential formulations will then serve as the theoretical foundation for the development of

new Monte Carlo differentiable-rendering methods.

In the past few years, significant progresses have been made in physics-based differentiable
rendering. Starting with the realization that forward rendering is generally differentiable—
even with the presence of discontinuities emerging from occlusions—general-purpose algo-
rithms have been developed for interfacial [45, 49, 4] and volumetric [95] light transport.
Unfortunately, these methods suffer from several fundamental limitations. First, some of

them [45, 95] require detecting object silhouettes and, thus, scale poorly to scenes with com-



plex geometries. Second, all these methods rely on unidirectional path tracing—which is

known to lack the robustness for handling many complex light-transport effects.

To overcome these limitations, in this dissertation, we establish the mathematical formula-
tion of differential path integrals—the differential counterpart of (forward-rendering) path
integrals [82, 65]. Based on this formulation, we introduce a family of path-space Monte
Carlo algorithms which, compared with state-of-the-art methods, offer a new level of robust-
ness for handling not only detailed geometries but also complex light-transport effects such

as soft shadows, glossy reflection, indirect-dominated illumination, and caustics.

In the following, we begin with a detailed description of what physics-based differentiable
rendering is and why it is important in §1.1. Then, we summarize the contributions of this
dissertation in §1.2 and outline its organization in §1.3. Lastly, we provide an overview of

related research works in §1.4.

1.1 Definition and Motivations

As a core research topic since the inception of computer graphics, physics-based forward ren-
dering aims to synthesize photorealistic images from fully specified virtual scenes by simu-
lating light transport in the scenes. On the contrary, physics-based differentiable rendering is
concerned with computing derivatives of rendered images with respect to differential changes
of virtual scenes. Mathematically, if we treat the forward-rendering process as a function
that maps scene parameters into (photorealistic) images, the specific concern of differen-
tiable rendering is estimating the derivatives of this function. In general, a scene parameter
can be used to describe any aspect of a virtual 3D scene, including, but not limited to, the
geometric representation (e.g., mesh vertices) and associated material properties (e.g., BSDF

parameters) for all objects within the scene (see Figure 1.1)



Scene parameters

BRDF

Geometry Material Camera Light
Physics-based Physics-based
rendering differentiable rendering

i+

Differentiate
(e.g., w.r.t. light position)

Photorealistic image Derivative image

Figure 1.1:  Physics-based forward rendering is about synthesizing photorealistic images
based on fully described virtual scenes. Physics-based differentiable rendering, in contrast,
is concerned with differentiating the forward-rendering process with respect to arbitrary
scene parameters (e.g., the vertical position of the light source outside the window for this
example).

One major application of physics-based differentiable rendering is solving inverse-rendering
(aka. analysis-by-synthesis) problems: That is, the inference of scene parameters from pho-
torealistic images. Efficient and robust solutions can benefit a wide array of applications

such as computational fabrication, remote sensing, robotics, autonomous navigation, and

architectural design.

In general, practical physics-based forward-rendering functions—which capture complicated
interactions among shape, lighting, and material optical properties—cannot be inverted an-
alytically. As a consequence, inverse rendering is typically formulated as optimization prob-
lems that seek scene parameters minimizing some predefined loss function that measures the

difference between rendered and input images.

Differentiable rendering—which allows forward-rendering functions and, in turn, losses to be



differentiated with respect to scene parameters—is a key ingredient for applying gradient-
based methods (e.g., stochastic gradient descent and its preconditioned variants) to inverse-

rendering optimizations.

Differentiable rendering also opens the door for integrating forward rendering into probabilistic-
inference and machine-learning pipelines. For instance, many data-driven models are trained
using image losses computed by comparing rendered and target images. Physics-based for-
ward and differentiable rendering allows the rendered images to capture complex optical
phenomena that can, then, be learned during the model training process. It has been
demonstrated by several recent works (e.g., [11]) that making a machine-learning model

physics-aware can greatly improve its generalizability to novel conditions.

1.2 Owur Contributions

In this dissertation, we introduce our path-space differentiable rendering (PSDR) framework
that offers a new level of generality by supporting, for example, volumetric light transport,
advanced (e.g., bidirectional) path sampling techniques, and differentiation with respect to
arbitrary scene parameters (e.g., object geometries). Concretely, the technical contributions

of this dissertation include:

e Establishing a new mathematical formulation by differentiating forward-rendering path
integrals [81, 65] under the material-form parameterization with respect to arbi-
trary scene parameters. The resulting differential path integrals consist of com-
pletely separated interior and boundary components that can be estimated indepen-

dently.

e Developing path-space differentiable rendering algorithms that provide unbiased

and consistent estimates of the interior and boundary components of differential path

4



integrals. When estimating the boundary integrals, our technique avoids expensive

silhouette detection [45, 95] without sacrificing unbiasedness.

e Introducing antithetic sampling in the context of path-space differentiable rendering
for efficiently handling (i) glossy and near-specular BSDF's; and (ii) pixel reconstruction

filters.

e Devising the formulation of differential image-loss path integrals that expresses
gradients of image losses as differential path integrals. Based on this formulation,
we develop computational differentiation algorithms to efficiently compute inte-
rior integrals by exploiting the layered structures of the corresponding computational

graphs.

1.3 Organization of the Dissertation

The rest of this dissertation is organized as follows. In Chapter 2, we briefly revisit the
mathematical preliminaries upon which our formulations and algorithms are built. In Chap-
ter 3, we introduce the material-form parameterization which facilitates the derivation of
our formulation of differential path integrals in Chapter 4. Based on this new formulation,
we present in Chapter 5 new unbiased and consistent Monte Carlo estimators that efficiently

estimate the interior and boundary components of differential path integrals.

To further improve the effectiveness of our techniques, we introduce antithetic sampling
in Chapter 6 for efficient differentiation of glossy BSDFs and pixel reconstruction filters,
and differential image-loss path integrals in Chapter 7 for scaling out to large numbers of
scene parameters. Lastly, we discuss in Chapter 8 physics-based inverse rendering—a major

application for our techniques—and show synthetic results.



Publications. This dissertation covers results from, but not limited to, our following pub-

lications:

e Zhang, Cheng, Bailey Miller, Kai Yan, loannis Gkioulekas, and Shuang Zhao. “Path-

Space Differentiable Rendering.” ACM Transactions on Graphics 39, no. 4 (2020).

e Zhang, Cheng, Zihan Yu, and Shuang Zhao. “Path-Space Differentiable Rendering of

Participating Media.” ACM Transactions on Graphics 40, no. 4 (2021): 1-15.

e Zhang, Cheng, Zhao Dong, Michael Doggett, and Shuang Zhao. “Antithetic Sampling
for Monte Carlo Differentiable Rendering.” ACM Transactions on Graphics 40, no. 4

(2021): 1-12.

1.4 Overview of Related Works

Derivatives for rendering. Analytical derivatives have been used in forward rendering
to compute pixel footprints [29], handle specular light paths [13, 32], use Hamiltonian Monte
Carlo to sample paths [46], and enable interactive editing of single-scattering albedo [27].
Arvo [2] presented an analytical method for calculating the gradients of irradiance in diffuse
scenes. Ramamoorthi et al. [68] introduced a first-order analysis of light transport, focusing
on effects such as soft shadows. All these works leverage certain type of derivatives in the
image formation process to facilitate the efficiency and quality of forward rendering rather

than the inverse problem.

Differentiable rendering in vision. Having derivatives of rendered images allows ren-
dering to be efficiently integrated into probabilistic programming [43] and deep learning
pipelines (e.g., as the decoder of an auto-encoder architecture [11]). Many recent works uti-

lize various forms of rendering losses to regularize the training and improve generalization of

6



neural network models [88, 53, 73, 47, 11]. The differentiable renderers in the computer vi-
sion community are mostly based on the rasterization rendering model [48; 38, 44, 57, 26, 66]

with restrictive simplification such as single-bounce illumination.

Physics-based differentiable rendering. Differentiable rendering has been used to solve
analysis-by-synthesis problems in a wide range of applications including volumetric scatter-
ing [21, 20], cloth rendering [41], prefiltering of high-resolution volumes [97], appearance mod-
eling of human teeth [83], fabrication of translucent materials [78], reflectance and lighting
estimation [3, 59], and 3D reconstruction [79]. In order to address the specific requirements
of the downstream tasks, all these methods compute radiance derivatives using algorithms

specialized to specific light transport effects, with no regard to flexibility or generality.

A main challenge towards developing general-purpose differentiable rendering engines has
been the differentiation with respect to scene geometry, which generally requires calculating
additional boundary integrals. To address this problem, Li et al. [45] introduced a Monte
Carlo edge-sampling method that provides unbiased estimates of these boundary integrals.
This technique was then generalized in our DTRT framework [95] to handle volumetric light
transport. All of these edge-sampling techniques do not scale well to complex geometry
due to the necessity for run-time silhouette detection. To avoid sampling on discontinuity
edges, one alternative for handling boundary integrals is to convert them into area integrals
by reparameterizing the integrand [49, 4]. However, these reparamterization-based methods
may lead to biased derivative estimates [49] and all require tracing auxiliary rays to detect
discontinuity locations. Despite their ability to differentiate with respect to arbitrary scene
parameterizations, all these methods are obtained by differentiating the rendering equa-
tion [36] (and the radiative transfer equation [10]), and rely on unidirectional path tracing
for derivative estimations, which can be inefficient when handling complex light transport

effects like concentrated indirect lighting and caustics.



Computational differentiation. Automatic differentiation (AD) allows the derivative of
a function specified by a computer program to be evaluated numerically. These techniques
have been widely used in machine learning and statistical inference [22, 86, 51] to obtain
gradients of complex functions (e.g., neural networks). Recently, several general-purpose
AD frameworks such as TensorFlow [1], PyTorch [64], Enoki [31], and Enzyme [55] have been
developed. Further, systematic handling of discontinuities—which has been neglected by
most AD frameworks—has been explored [5]. Most general-purpose differentiable rendering
systems (e.g., Redner [45] and Mitsuba 2 [62]) utilize automatic differentiation, and ours is
no exception. In this dissertation, we mainly focus on differentiable rendering theory and

algorithms, which are orthogonal to the choice of automatic differentiation method.



Chapter 2

Preliminaries

In this chapter, we briefly review mathematical preliminaries on forward rendering and the
differentiation of integrals—both of which will be used to devise the main results of this

dissertation in later chapters.

Specifically, we first revisit in §2.1 important equations that specify steady-state radiance
distributions under interfacial and volumetric light transport. These equations have led
to the development of widely adopted forward-rendering methods like unidirectional path

tracing.

Additionally, to facilitate the design of more advanced rendering methods such as bidirec-
tional path tracing (BDPT) [82], techniques that formulate forward rendering as estimating
high-dimensional path integrals have been introduced [81, 65]. We will present these formu-

lations in §2.2.
Table 2.1 summarizes some commonly used notations in forward rendering.

Lastly, we present in §2.3.1 the Reynolds transport theorem, which has been the foundation

of several recent differentiable rendering algorithms [45, 95]. We will derive many theoretical



Symbol Definition
fs bidirectional scattering distribution function (BSDF)
O scattering coefficient
oy extinction coefficient
o single-scattering phase function
T(x < vy) transmittance between x and y
W, sensor importance
M union of all object surfaces in the scene
V 3D volume encapsulating the virtual scene
Vo volume interior Vy := ¥V \ M
zpm(z,w) ray-casting function
Q path space/generalized path space
Gx < vy) geometric term/generalized geometric term
T light transport path
_ measurement contribution function
/(@)

generalized measurement contribution function

Table 2.1: List of commonly used symbols in forward rendering

results—including the establishment of the differential path integral formulation—using this
theorem. Additionally, we provide a brief discussion in §2.3.2 about automatic differentiation
which, as the bedrock of differentiable programming, is an important tool for evaluating the
derivatives of a function specified by a computer program. We will use it to implement our

path-space differentiable rendering algorithms.

2.1 Light Transport Equations

We now review the key equations that model the propagation of light in virtual scenes.
Specifically, we first present the rendering equation (§2.1.1) that governs light interaction
with surfaces. Then, we cover the radiative transfer equation (§2.1.2) that captures light

propagation in participating media.

10



2.1.1 Rendering Equation

In physisc-based rendering, the bidirectional scttering distribution function (BSDF)
is a mathematical description of light-scattering properties of a surface. At a specific surface

point &, BSDF is a 4D function of the incident and scattered radiance:

dLs(wo)
Li(wi) dot (wi),

fs(wi = w,) = (2.1)

where o+

is the measure of projected solid angle. Integrating both sides of the equation
dLg(w,) = Li(w;) fs(wi — w,) dot(w;) over the unit sphere S? yields the scattering equa-
tion [14, 81]

La(ws) = /S i) e = ) do (), (2.2)

which describes the local scattering of light at a single point.

Rendering equation. Provided Eq. (2.2), one can express the outgoing radiance L, as

the sum of emitted radiance L, and scattered radiance Lg:

Lo(x,w,) = Le(T, w,) + Ls(x, w,)
(2.3)

= Le(x, w,) +/ Li(z,w;) fs(x, we, w;) dot(w;).
SQ

In geometric optics, radiance remains constant along rays of light through empty space:
Li(wv w) = LO(mM (33, W), —(.d), (24)

where @ (x,w) is the ray-casting function that returns the first intersection (or “hit”)

between the ray originated at & with direction w and union of all object surfaces M.

11



That is, xpm(x,w) := & + tpm(x, w) w, where
tm(z,w) =inf{t >0 : x+twe M}. (2.5)
Based on Eq. (2.4), Eq. (2.3) can be rewritten as

Lews) = L@wn) + [ Les@w)w) fewow)drt@). (20

which is the well known rendering equation [36]. Since L; does not appear in this equation,
we drop the subscript of L, for notational simplicity. Even though the spherical integral in
the rendering equation (2.6) appears similar to the scattering equation (2.2), the former is
conditioned on the global distribution of radiance (at equilibrium) and is an integral equation
where the unknown quantity L appears on both sides. The form of this equation lends itself

to recursive numerical solutions using Monte Carlo methods.

2.1.2 Radiative Transfer Equation

The radiative transfer theory (RTT) [10] has been used in natural science and application
areas, including biomedical imaging [30], neutron transport [67], material scence [80], remote
sensing and astrophysics [54]. This framework was later introduced to computer graphics [7,
37, 71] to render participating media and translucent materials. At the core of RTT is the

radiative transfer equation (RTE). In its integral form, the RTE states that

L(x,w) =T(xy <> x) L(xy, w)

R
+/O T(x' + x)oy(x') g fo(@ wi —» w) L(x',w;) do(w;) dr. (2.7)

where o denotes the solid-angle measure, ' := * — rw, and xy := * — Rw with R =

tpm(x, —w) being the distance along the ray originated at @ with the direction —w before
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intersecting! the medium’s boundary M. The radiance L(xg,w) is considered a boundary

condition of the RTE and typically estimated using the rendering equation (2.6) in practice.

Lastly, in Eq. (2.7), o5 and f, denote, respectively, the medium’s scattering coefficient and
single-scattering phase function, and the transmittance 7'(«’, ) specifies the fraction

of light that travels from @’ to & without being absorbed or scattered and equals

T(a' ¢ ) = exp (— /0 " (@ — 7'w) dT/) ,

where oy is the medium’s extinction coeffient (or optical density) and describes how

frequently light interacts with the medium (by being absorbed or scattered).

Numerical solutions. In general, neither the rendering equation (2.6) nor the radiative
transfer equation (2.7) has analytical solutions. Instead, these equations are typically solved
numerically using Monte Carlo methods—a long-standing research topic on forward render-

ing. One of the most widely adopted solutions is unidirectional path tracing.

2.2 Path Integral Formulations

Physics-based rendering typically amounts to estimating the response of a radiometric
sensor formulated as an integral of incident radiance over the surface of the sensor, modu-

lated by a sensor importance function W,:

I= We(z,w) Li(x,w) dA(x) do*(w). (2.8)
MxS?

"When the medium in unbounded and an intersection does not exist, R = +oc and the first term on the
right-hand side of Eq. (2.7) vanishes.
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In practice, rendering an image amounts to estimating one response I; for each pixel j with

a distinct importance WY.

In the following, we present mathematical formulations that express the radiometric re-
sponses [ in Eq. (2.8) as high-dimensional path integrals. Specifically, we will first revisit
the interfacial variant [81] in §2.2.1, and then provide the generalized version [65] capable of
handling volumetric light transport in §2.2.2. A main result of this dissertation—which we
will introduce in Chapter 4—is the differential counterparts of these integrals with respect

to arbitrary scene parameters.

2.2.1 Interfacial Path Integral

We now show how interfacial (i.e., surface-only) light transport governed by the rendering
equation (2.6) can be re-expressed as an integration problem. Our presentation roughly

follows Chapter 8 of Eric Veach’s Ph.D. thesis [81].

Rendering equation in three-point form. The rendering equation (2.6) can be refor-
mulated as an integral over object surfaces M as opposed to the unit sphere S?. To be

specific, for any surface points x, ', ” € M, we have

L' — x") = L(x' — 2") + /M Lx =) fy(x — o - 2")G(x + x')dA(x). (2.9)

In Eq. (2.9), L(x — ) denotes the radiance leaving x toward «’. That is, L(x — &) :=

L(x, xx') where x &’ := ﬁ indicates the unit vector pointing from x to «’. L(x’ — x”)
— —
is defined in a similar fashion. Additionally, fy(x — o’ — z") = fi(z, 'z, ' x").

Lastly, the geometric term G captures the change of measure from projected solid angle

14



in Eq. (2.6) to the surface area in Eq. (2.9):

In(y) - zy| |n(y) - 24|
|z — yl?

Gz y)=V(z e y) : (2.10)

where V(zx,y) is the mutual visibility function that equals to one when x and y are

mutually visible and zero otherwise.

Applying a similar change of measure to Eq. (2.8) yields:
= / We(x = x') L(x — ') G(x < ') dA(x) dA(x), (2.11)
MxM

—
where Wo(x — &') :== W(x/, ' ). We note that, in Eq. (2.11), o’ resides on the surface of

the sensor and * — «’ follows the direction of light flow.

Path integral formulation. By recursively expanding L(x — ') in Eq. (2.11) using the

three-point rendering equation (2.9), the sensor response can be represented as

1=%" | f@)du(@), (2.12)
N=1"78nN
where & = (xg, x1,...,xy) denotes a light path with xq on a light source and @y on the

sensor, Qy = MY and duy (&) := Hi:[:o dA(x,) is the area-product measure. Addition-

ally, f is the measurement contribution function given by
f(CE) = Le(wo — CCl) G(IBO — fBl)

n=1

N-1
(H fs(@n—1 =, = xpi1) G(x, < $n+1)) We(xn_1 — xn). (2.13)

By expressing the emission L., the sensor importance W,, and the BSDF f; in a unified
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fashion via:

p

fs(wn—l — Ty — wn—i—l), (O <n< N)

fv(wnfl — T — wn+1) = Le<CL'0 — 331), (n = 0) (214)

Wo(xn_1 — N), (n=N)

\
the measurement contribution in Eq. (2.13) can be simplified to
N N
f(®) = (H fol®n1 — @, — :cn+1)> (H Gz, < mn)> : (2.15)
n=0 n=1

Further, the path space 2 is defined as the space containing all light paths with finite

lengths

Q:=J, (2.16)
N=1

with the associated area-product measure u provided by

u(D) =Y pn(Qy N D), (2.17)

N=1

for any D C Q. Then, the sum over different path lengths in Eq. (2.12) can be omitted,
yielding
1= [ f@)du(a) (2.18)
Q

which is well known path integral formulation introduced by Veach [81].

2.2.2 Generalized Path Integral

To capture volumetric light transport governed by the radiative transfer equation (RTE) (2.7),
Pauly et al. [65] have introduced a generalization of the path integral formulation presented

in §2.2.1. In the following, we provide a brief derivation of this generalized formulation.
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Figure 2.1: lustration for the change of variables given by Eq. (2.19).

Change of measure. Similar to the derivation of the interfacial path integral (2.18), it
is desired to rewrite the double integral on the right-hand side of the RTE (2.7) as a single

volume integral, which can be achieved based on the relation
dV(x') = (r*do(w;)) dr, (2.19)

as illustrated in Figure 2.1.

Then, generalized path integrals can be obtained by recursively expanding the radiance term
L(2',w;) in the RTE (2.7) and applying the change of measure in Eq. (2.19). Please refer to

Chapter 3 of Wenzel Jacob’s Ph.D. thesis [34] for a detailed explanation of this process.

Generalized path integral. Let V C R3 be a 3D volume that encapsulates the virtual
scene, with its boundary being the scene surfaces M and its interior denoted by Vy := V\ M.
At a high level, a generalized path integral takes the same form as the interfacial variant
in Eq. (2.18):

1= [ 1@ (@), (220)

with a major distinction that, in a light path & = (xo, 1, ..., 2y), each x, can be either a

surface vertex (i.e., , € M) or a volume vertex (i.e., x, € V). Due to this distinc-
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tion, definitions of the path space €2, the measure p(&) and the measurement contribution

function f(&) need to be generalized accordingly as follows.

Generalized path space and measure. The type of individual vertices in a light path
& = (xo,x1,...,xy) can be characterized using the path characteristic [, an (N + 1)-bit
integer that encodes the type of individual vertices. Specifically, the n-th bit of the binary
representation of [, which we denote as b, (1), equals one if x,, is a surface vertex and zero if

it is a volume vertex.

For all N > 1 and 0 <[ < 2¥*! the set of all paths with N segments and characteristic [ is

l x, e M ifb,(l)=1
QN = (Cl?o,...,il}'N) . s (221)

and the Lebesgue measure pb, on QY is defined by
N
auly (@) = T duy ). (22
n=0

where

duévjn(acn) = (2.23)

Provided Egs. (2.21) and (2.22), the generalized path space 2 and the associated mea-

sure p in Eq. (2.20) can be defined, respectively, as

N+1_
Q:=Uys: UlQ:O al, (2.24)
N+1_
(D) = s 212:0 by (DN QYY) for any D C . (2.25)
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Measurement contribution. Similar to the interfacial case, in generalized path inte-
grals (2.20), the (generalized) measurement contribution f is still expressed as the

product of per-vertex contributions f, and per-segment ones G-

f(@) = (H fo@p_1 — x, — wnﬂ)) (H Gz, 1 < :vn)) . (2.26)

n=0 n=1

To handle volume light transport, the per-vertex term f,(x,_1 — @, — ®,11) is generalized
for volume vertices:

;

fs(@n1 = Ty — Tyyq), (0<n< N and z, € M)
os(xn) fo(Xn-1 = Tp = Tpt1), (0<n <N and x, € V)
fv(wnfl — Ty — wnJrl) = <

Le(xg — x1), (n=0)

We(mN_l —>mN). (n:N)

\

(2.27)

Moreover, the per-segment G(x <> y) becomes the generalized geometric term defined

G+ y) =V(x-y (e y)%, (2.28)
where
Dq(y) = n(@) =], (@M (2.29)
1. (CE S V())

Significance of path integrals. The path integrals in Egs. (2.18) and (2.20) operate
on entire light transport paths—as opposed to radiance fields in the rendering (2.6) and
radiative transfer equations (2.7)—and essentially provide a “global” perspective of light
transport. Consequently, the path integral formulations have enabled the development of
a wide array of advanced forward-rendering techniques such as bidirectional path tracing

(BDPT) [82], vertex connection and merging (VCM) [18], as well as various Markov-Chain
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Monte Carlo methods [81, 32, 65, 39, 12, 24].

2.3 Differentiating Integrals

Physics-based forward rendering, as demonstrated in §2.1 and §2.2, largely amounts to solv-
ing integral equations like Eqgs. (2.6) and (2.7), or estimating path integrals defined in
Egs. (2.18) and (2.20). Consequently, a crucial ingredient for physics-based differentiable

rendering is the differentiation of various forms (e.g., spherical, area, and path) of integrals.

In what follows, we present Reynolds transport theorem—a general mathematical tool for
differentiating integrals in §2.3.1. Additionally, in §2.3.2, we provide a brief discussion on

automatic differentiation—an important computational tool for differentiable programming.

2.3.1 Reynolds Transport Theorem

A problem we will encounter repeatedly in this dissertation is calculating derivatives of

integrals with respect to some parameter 6:

d

@/, h(w) du(u) =7 (2.30)

where both the domain of integration {2 and the integrand A can depend on 6 in general.

Conventionally, Eq. (2.30) is usually calculated by exchanging the differentiation and inte-

gration operations:

% Qh(u) du(u);/Q%h(w dp(u), (2.31)

where the right-hand side can be computed based on standard numerical methods (e.g.,

Monte Carlo) and differentiable evaluation of the integrand h.
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Although Eq. (2.31) works adequately in many cases, it can break when the integrand h
contains (jump) discontinuities that depend on the parameter 6. For example, we consider

the problem of differentiating the following Riemann integral:

% /0 H(u—0)du=" (2.32)

where H is the Heaviside step function defined as, for any = € R,

H(x) = (2.33)
0. (z<0)

Noting that fol H(u—0)du = [, du = (1 —0), Eq. (2.32) can be calculated analytically:

%/0 H(u — 0) du — %(1 )= 1. (2.34)

On the contrary, since (f—e”;'-[(u — ) = 0, differentiating the integrand leads to an incorrect

result:
1y 4 [t
i @H(u —0)du =0 # @/0 H(u — 0) du. (2.35)
We note that many, if not most, integrals in physics-based rendering—including those in
the rendering (2.6) and radiative transfer equations (2.7) as well as path integrals (2.18,
2.20)—have discontinuous integrands. These discontinuities emerge partially from occlusion.
The ray-casting function @ (2, w;) in the rendering equation (2.6), for instance, generally
contains jump discontinuous with respect to w; when there is an object occluding another

(see Figure 2.2).

To correctly handle discontinuities integrands, we resort to the Reynolds transport theo-
rem [70]—which originated in fluid mechanics and is a generalization of Leibniz’s rule for

differentiation [17]. In the following, we provide a brief description of this theorem.
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Figure 2.2: In the rendering equation (2.6), the discontinuities partially come from the
mutal occlusion between scene objects. In this example, the ray-casting function @ (2, w;)
is discontinuous with respect to w; at the visibility boundary (denoted in yellow).

Theorem 1: Reynolds transport theorem

Let h be a scalar-valued function defined on some n-dimensional manifold () param-
eterized with some 6 € R. Additionally, let T'(#) C () be an (n — 1)-dimensional
manifold, which we term as the extended boundary of Q(6), given by the union of the
external boundary 9Q(6) and the internal one comprised of jump discontinuity points of

the integrand h. Then, it holds that

< </Q(€)hd§2(6)) - /Q(e) < a0(o) + /m) (n . %“5) ARAT(H),  (236)

where d€2 and dI' respectively denote the standard measures associated with €2 and T’

and n is the unit-normal field associated with I'(6). Further, for all € I'(#), Ah equals®

Ah(x) ;= lim h(x +en) — lim h(x +en). (2.37)

e—0~ e—0t

“When @ approaches T'(f) from the exterior of the domain £2(6), the corresponding one-sided limit in
Eq. (2.37) is set to zero.
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Intuitively, Theorem 1 states that the derivative of the integral of a function A over some

domain (0) equals the sum of:

1. (The first integral) The derivative of h itself integrated over the same domain Q(6);

2. (The second integral) The scalar change rate, or “normal velocity”, of the extended
boundary I'(#) along the normal direction, modulated by the differences between func-

tion values across I'(6).

In the rest of the dissertation, we refer to the first integral on the right-hand side of Eq. (2.36)

as the interior term and the second one as the boundary term.

As a special case, for classical Riemann integrals where € is an interval (a,b) C R and the
integrand h is differentiable everywhere, it holds that I' = {a, b}, and the boundary integral
in Eq. (2.36) reduces to the sum of the integrand evaluated at a and b. Assuming the
boundary normal m to point toward the positive direction of the z-axis, the scalar normal
velocity (n . fl—‘g) in Eq. (2.36) becomes g—g at = a and % at © = b. Then, it is easy to
verify that Ah(b(9),0) = h(b(0),8) and Ah(a(0),0) = —h(a(d),0), yielding

d b(6) b(6) d

— h(x,Q)dx:/ —h(x,0)dx
df J o) a0y 40

+ (%b(@)) h(b(6),6) — (%a(@) h(a(6).9),

which is known as Leibniz’s rule for differentiation [17].

We will utilize Theorem 1 to devise differential variants of forward-rendering path integrals
of Eq. (2.18) and (2.20) in Chapter 4. Furthermore, based on these differential path integrals,
we will introduce new efficient Monte Carlo methods for path-space differentiable rendering

in Chapter 5.
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2.3.2 Automatic Differentiation

Automatic differentiation (AD) refers to a set of techniques that take a program which
computes a value, and automatically construct a procedure for computing derivatives of that
value. In an AD system, the computations in a program are decomposed into a sequence
of primitive operations which have specified routine for computing derivatives. For a thor-
ough review of automatic differentiation techniques, we refer to the book by Griewank and

Walther [22].

According to the order in which the derivatives are calculated, conventional AD algorithms

are typically categorized into two distinct types: forward-mode and reverse-mode AD.

Forward mode. Forward-mode AD algorithms propagate derivatives from inputs to out-
puts (i.e., following the flow of ordinary computations) by keeping track of derivatives with
respect to every input variable through individual arithmetic operations (based on the prim-
itive differentiation rules). In practice, forward-mode AD is most efficient for differentiating

functions with low-dimensional inputs and high-dimensional outputs.

Reverse mode. On the other hand, reverse-mode AD algorithms evaluate the chain rule
in the reversed order (i.e., from outputs to inputs). This is accomplished by recording a
transcript of operations known as the computation graph in the forward pass that runs
the ordinary program. Then, in a subsequent backward pass, gradients are back-propagated

through the computation graph by applying the chain rule at individual graph nodes.

In contrast to the forward mode, reverse-mode AD is ideal for differentiating functions with
high-dimensional inputs and low-dimensional outputs. This is the case for many applications
in computer graphics, vision, and machine learning. Consequently, many widely adopted AD

frameworks such as TensorFlow [1], PyTorch [64], Enoki [31], and Enzyme [55] focus on reverse-
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mode AD. Our path-space differentiable rendering algorithms, which we will introduce in

later chapters, are also better suited with reverse-mode AD.
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Chapter 3

Material-Form Parameterization

In this chapter, to facilitate the differentiation of (forward-rendering) path integrals, we
introduce the material-form parameterization (§3.1) that reformulates surface or volume
integrals over evolving domains to those over constant (i.e., non-evolving) domains. We
further show how generalized path integrals can be re-expressed in material forms (§3.2),
which can be differentiated conveniently using Reynolds transport theorem. Lastly, we
provide more details about our implementation of the material-form parameterization (§3.3).
Table 3.1 summarizes the commonly used symbols and their definitions in the material-form

parameterization.

Even though it is also possible to differentiate path integrals directly without any reparam-
eterization, which we have discussed in one of our recent works [94], material-form path
integrals can be differentiated more easily and requires fewer types of discontinuities to be

handled. In this dissertation, we focus on the material-form formulation.
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Symbol

Definition

M(0)
V(0)
Vo

—
>
~—

km:x:w{oﬂmo@@g’a GRS

abstract scene parameter
evolving surface
evolving volume
V(0) \ M(0)
motion
reference map
material point
spatial point
reference surface
reference volume
By \ Bu
material light path
material path space
path-level mapping

material measurement contribution function

Table 3.1: List of commonly used symbols in material-form parameterization

3.1 Material-Form Integrals

In this section, we revisit some concepts (e.g., motion and references) that originated from

fluid mechanics. Based on these concepts, we introduce the material-form parameterization

that can be applied to a surface or volume integral with its integration domain evolving

based on some abstract scene parameter 6.

3.1.1 Evolving Surfaces and Volumes

In §2.2.2, we describe the geoemtry of a 3D virtual scene using the encapsulating volume

VY C R3, along with the union of object surfaces M C V. Now, we consider the case when

both the volume V and the surfaces M evolve under some parameter # € R. In addition, we

define Vy(0) := V(0) \ M(6) as the interior of the evolving volume V.
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x1(01) p1 = x1(6o) x1(62)

xo(61) Po = o (o) m

V(64 By = V(6 V(05
7] SR ) )

M(6h) By = M(6o) M(62)

Figure 3.1: Material-form parameterization of a block whose horizontal location is
controlled by a parameter 6. In this example, the reference surface By, and volume By, are
selected as the block at some fixed 6 = 6 (illustrated in yellow). Then, the motion X captures
the motion of the block (hence the name) by mapping each point in the reference volume to
the corresponding one in the “moving” block (illustrated in green) via X(-, ) for any 6.

In fluid mechanics [9, 23], material-form parameterization has been introduced to efficiently
express the evolution of volumes and surfaces. This is achieved using two key ingredients: (i)
reference configurations that are considered fixed associated with (ii) motions that transform
the reference configurations to their evolving counterparts. In what follows, we provide

precise definitions of these concepts.

Reference configurations. The material-form parameterization involves fixed (i.e., inde-
pendent of the parameter 6) reference volume B, C R? and reference surface By C By,
that correspond, respectively, to the evolving volume V() and surface M(#). Additionally,

we define By, := By \ Byy—which is also fixed—to represent the interior of B).

To distinguish points in the reference configurations to those belonging to the evolving coun-
terparts, we refer to p € B, as material points and € V(0) as spatial points. Similarly,
in the rest of this dissertation, we will use the terms “material” and “spatial” to refer to
quantity defined with respect to the reference (e.g., By and By,) and the evolving (e.g., M

and V) domains, respectively.
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Motion. Associated with the reference volume and surface is a motion X satisfying that:

e For any 0 € R, X(+,0) maps the reference surface By to its spatial counterpart M (6)
and (the interior of) the reference volume By, to Vy(#) in a C°-continuous and one-to-

one fashion (see Figure 3.1).

e For any fixed material point p € By, X(p, 0) is differentiable with respect to 6.

Additionally, we define the reference map P as the inverse of the motion X: For any 0,
P(-,0) := X7'(-,0) maps the evolving M(f) and Vy(#) back to their material counterparts

By and By,, respectively.

We will discuss how the reference configurations and associated motion are specified under

practical settings in §3.3.

3.1.2 Material-Form Integrals

The material-form parameterization described in §3.1.1 induces a change of variable from
spatial points to material ones. In the following, we discuss how integrals can be rewritten

using such changes of variables.

Material-form surface integral. Now we consider a surface integral defined on the evolv-
ing surface M(6):

[ /M @ 0)14@) (3.1)

where @ is a spatial point on M (#) and ¢ is a scalar-valued function. Given the motion X(-, #),

we apply a change of variable from spatial points & € M () to material ones p € By based
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BM p + e

AA,
p
p+ad
Reference Evolving
configuration surface

Figure 3.2: Given a deformation X(-,6) with fixed 6 € R, the Jacobian term of Eq. (3.3)
equals the ratio of the infinitesimal areas |AA,| and |AA,|.

on the relation = X(p, 6), yielding the following material-form surface integral:

1= / o(@.0) J(p) dA(p). (3.2)
B

where & = X(p, 0), and J is the Jacobian determinant resulting from the change of variable.

Conceptually, the term J in Eq. (3.2) captures the stretching of infinitesimal surface area.
Precisely, let AA, be an infinitesimal (material) parallelogram with sides ad and ae at some
p € By. Under the mapping X(-,0), AA, is transformed into another (spatial) parallelo-
gram AA, with sides d, = X(p+ ad, ) —x and e, = X(p + e, 0) — x. Then, the Jacobian

determinant J equals the ratio of the infinitesimal area |[AA,| to [AA,l:

dA(x)
dA(p)

. |AAL] - |lda X el
‘ A4, ~ 2 ad x ae] (33)

J(p) = H

where “x” denotes vector cross product (see Figure 3.2).

Material-form volume integral. Similarly, consider a volume integral of some scalar-

valued function ¢(x, ) over some evolving domain Vy(0)
= / o(x,0)dV(x). (3.4)
Vo(0)

30



Given a motion X(+,#) that maps material points p € By, to spatial points x € V,, we can

rewrite Eq. (3.4) as a material-form volume integral of the form:
1= [ ) Ip) Vi) (3.5)
0

where & = X(p, ). As we are dealing with a volume integral, the Jacobian determinant .J

now captures the ratio of the infinitesimal volume |AV,| to |AV}|:

dV(x)
dV(p)

_ |AV,| o las X by - ¢,
a=0 [AV,]  a=0 |aa x ab - acl’

J(p) = H (36)

where AV, is a (material) tetrahedron with sides aa, ab and ac; AV, is a (spatial) tetra-

hedron with sides a, = X(p + aa, ) — x, b, = X(p + ab,) — x and ¢, = X(p + ac,0) — x.

We will discuss the calculation of J given by Egs. (3.3) and (3.6) under practical settings in
§3.3.

Advantages. The material-form integrals in Eqs. (3.2) and (3.5) are defined over fixed
reference surfaces or volumes. Compared with their spatial counterparts in Egs. (3.1) and
(3.4), the material-form integrals can be differentiated more easily using Reynolds transport
theorem. For instance, all (topological) boundaries and jump discontinuities that are “static”
(i.e., fixed) in the reference domains do not need to be handled by boundary integrals.
We will further discuss the advantages of material-form parameterization in §4.1.2 when

differentiating full path integrals.

Multiple parameters. So far, our discussion is limited to the differentiation with respect
to a single parameter. In practice, the scene geometry V is usually controlled by multiple,
say mg, parameters @ € R™® (e.g., positions of individual mesh vertices). In this case, the

motion X also depends on the full parameter vector 6. That is, for any 8 € R™, X(-,0)
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establishes one-to-one mappings from the reference surface By, to M(8) and volume By, to
Vo(0). Since this extension is straightforward, we will mainly focus on the single-parameter

case in the rest of this dissertation for exposition simplicity.

3.2 Material-Form Path Integral

Previously, we introduced the formulation of generalized path integral (§2.2.2), whose inte-
gration domain may depend on geometric parameters (e.g., the shape and pose of an object).
To facilitate the differentiation of path integrals, we now devise material-form path integrals

based on the parameterization presented in §3.1.

In the rest of this chapter, unless otherwise specified, we use “path space” and “path integral”

to indicate the generalized variants given by Egs. (2.24) and Eq. (2.20), respectively.

Under the path-integral formulation, a light path & = (o, @1, ..., xy) is spatial since all path
vertices are spatial points belonging to the evolving domain V() = M(6) |J Vo(6). Based on
the material-form parameterization, we define a material light path as p = (po, p1, ..., Pn)
where each vertex p, € By, = By |JBy, is a material point (for n = 0,..., N). Following
Eq. (2.21), we denote the set comprised of all material light paths p with N segments and
characteristic [ as

Pn € By ifb,(1) =1

Ql = (pOapla"'apN) : ) (37)
pn € By, ifb,(1)=0

associated with the measure p; defined in Eq. (2.22), where the surface area and volume

are with respect to the reference surface By and volume By, respectively. Further, similar
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to the ordinary path space €2 (2.24), we define the material path space Q as

A N+1_ A
Q= Uy U, 'Ok, (3.8)

with an associated measure p defined in Eq. (2.25).

Additionally, for any 6 € R, the vertex-level mapping X(+, #) induces a path-level one X(-, 6)
that maps material paths p = (po,...,pn) to spatial ones & = X(p, ) := (xg,...,xy) in a
continuous and one-to-one fashion via x,, = X(p,,0) for all n. By applying this path-level
mapping to the ordinary path integral of Eq. (2.20), we obtain the material-form path

integral:

1= /Q £(5) du(p), (3.9)

where f is the material measurement contribution function defined as

@ 1) (3.10)

where the definition of J(p) depends on the type of p:

dA(x) (
5 Dc BM)
J(p) = H Aw) (3.11)
H T (peBy)

We note that, since the mapping = X(p, ) depends on the parameter 6, so would J(p).
Egs. (3.9—3.11) are key results of this dissertation, and we will discuss how Eq. (3.9) can
be differentiated in §4.1.
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3.3 Reference Configurations and Motion

Theoretically, our material-form formulation presented above allows the use of arbitrary
reference surfaces and volumes as well as associated motions. In practice, a good parameter-
ization allows the corresponding terms, such as the Jacobian determinants and “velocities”
(that we will discuss later), to be calculated conveniently, benefiting the design of differ-
entiable rendering algorithms. In this section, we introduce our choice of references and
motion in details. We focus on the practical setting where the scene volume is expressed in
a tetrahedral mesh with the surfaces given by triangle meshes comprised of (some subset of)

tetrahedron faces.

In practice, to compute derivatives of a path integral at some user-specified 6 = 6,, we make
the reference scene geometry B, coincide with the spatial one V() with the parameter 6 fixed
at dp. That is, we choose the reference surface as By = M(6p) and volume as By, = Vy(6y).
Further, as presented in §3.1.1, for any 6, the motion X produces a mapping X(-,0) that
transforms material points p € By to spatial ones & € V in a continuous and one-to-one
fashion. Based on our choice of reference configurations, the mapping X(+,0y) becomes the

identity map, and J(6y) = 1.

For calculating derivatives at # = 6y, we do not need to provide the full motion X explic-
itly. Instead, it suffices to specify, for any material point p € By, both its spatial counter-

part &(p) := X(p, Oy) and the derivative, or “velocity”,

v(p) == % : (3.12)

0=0o

Since X(-,6p) is the identity map, we have &(p) = p. The velocity v, on the other hand, is
typically determined by how the parameter 6 affects the scene geometry. In what follows,

we discuss two common scenarios and derive the corresponding derivatives ‘é—‘é} 66 of the
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Jacobian determinant J given by Eq. (3.11). We note that, although J(p,6y) = 1, this

derivative is generally nonzero.

3.3.1 Affine Deformations

When the parameter 6 specifies some affine transformation of an object, the corresponding

motion can be expressed as

X(p,0) = R(0) p + t(6), (3.13)

where R(#) is an invertible (3 x 3)-matrix and ¢(6) is a vector satisfying that R(6,) equals

the identity matrix and #(6y) = 0. Assuming that R := 4& o, and t = %‘9:90 can be
calculated analytically, we have
dX(p, 0 : .
v(p) = dX(p. %) =Rp+t. (3.14)
do |-,
0
Given Eq. (3.13), it is easy to verify that
J(p) = |det(R)], (3.15)
for all p € By. It follows that the derivative d‘é—(gp) can be obtained via differentiable

evaluation of Eq. (3.15).

3.3.2 Free-Form Deformations

When the scene geometry is expressed using tetrahedral meshes (or triangle meshes without
participating media), general (non-affine) deformations are typically handled by moving
individual mesh vertices. In this case, we first specify the velocity v; at the i-th mesh

vertex and interpolate the specified velocity continuously in the interior of the mesh. In
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what follows, we first explain the interpolation process and then discuss how the per-vertex

velocities wv; is formulated in practice.

Barycentric Interpolation

Provided the per-vertex velocities v;, we treat the mapping X(+, 6y) at any vertex p; as

X(pi,0) = p; + (6 — 0o) vy, (3.16)
which satisfies that X(p;, 6y) = p; and % o = Ui We now specify the velocity v(p)
=vo

at any material point p € B), using barycentric interpolation.

Surface points. Let p € By be a material point located on some triangle mesh and inside
a triangle with vertices pa, pg, and pc. Assume p to have barycentric coordinates (s,t):
That is, p = (1 — s — t) pa + s pg + t pc. Then, we define the mapping X(p, #) by treating s
and t as constants:

X(p,0) = (1 —s—t)xa+ sxg +txc, (3.17)
where x; = X(p;,0) = p; + (0 — 6p) v; for j € {A,B,C}.

We now derive the Jacobian term J based on Eq. (3.3). Let d = pg — pa and e = pc — pa,

we have

d, =X(p+ad,0) —X(p,0)
=[(1l-s—t—a)za+(s+a)xg +tac]—
(3.18)
[(1—s—t)wA+sacB—|—twc]

=« (xg — xp),
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and, similarly,

e, =X(p+ae ) —X(p,0) =a(xc— xp). (3.19)

Then, the Jacobian determinant in Eq. (3.3) turns into

J(p) = lim J9o < €all _ (e — @) x (wc — @4l

_ , 3.20
I Jad = ael ~ T(ps —pa) X (e —pa)l (3.20)

which is independent of the barycentric coordinate (s,t). In other words, under the defor-

mation of Eq. (3.17), J remains constant within the triangle. At 6 = 6, it is easy to verify

dJ(p)

1 can be obtained via differentiable evaluation

0=09

that J equals one, and the derivative

of Eq. (3.20).

Volume points. Let p € By, be a volume vertex inside a tetrahedron with vertices p; for
j € {A,B,C,D}. When p has barycentric coordinates (u, v, w), it holds that p = (1 — u —
v—w) pa+upg+vpc+wpp. Similar to the surface case, we formulate the mapping X(p, 6)
as

X(p,0)=(1l—u—v—w)xa+uzsg+vTC+ WID, (3.21)

where x; = X(p;,0) = p; + (6 — 6y) v; for all j. Similar to the derivation of Eq. (3.3), the

Jacobian determinant defined in Eq. (3.6) becomes

_ l(xe —za) X (xc — ) - (XD — 24|
l(Pe — Pa) X (Pc —Pa) - (Po — PA)Il’

J(p) (3.22)

which is constant within the tetrahedron. Similar to the surface case, when 0 = 6y, J(p)

dJ(p)
a6

equals one for all p inside the tetrahedron. The derivative , which is generally

=60
nonzero, can be obtained via differentiable evaluation of Eq. (3.22).
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Per-Vertex Velocities

In practice, the per-vertex velocity v; in Eq. (3.16) is implied based on how € controls each
mesh vertex. For example, if 6 specifies a (global) translation along the z-axis, v; = (1 00)"

for all .

On the other hand, if the tetrahedral or triangle mesh contains N vertices, and the dif-
ferentiation is with respect to the position of each vertex, we effectively have a parameter
vector @ = (012, 0% 012 ... oNe 6Ny 9N=) € R3N with 6% 0%, 0% indicating the -, y-, and
z-coordinates of the i-th vertex x;, respectively. Then, we formulate the mapping X(-, ) at

vertex p; as

X(p;,0) = |gw| . (3.23)

We note that, when computing derivatives at some @ = 6, with the reference configuration

being the mesh given by 6y, Eq. (3.23) satisfies X(p;, 0) = p; trivially.

Under this multi-parameter setting, the “velocity” at p; is essentially the partial derivatives of
X(p;, @) with respect to the individual components of 8. Specifically, according to Eq. (3.23),

it holds that

1 0 0
ogi= 0] o0y L o0i= 0] (3.24)
0 0 1

9X(p:,0 oX(p;.,0 0X(p;,0 . .
and nggjx ) — Xégg]y ) — Xa(gjz ) =0 for all j 7é i

In practice, when computing derivatives at @ = 6y, the simple deformation in Eq. (3.23) can
be implemented by representing the spatial representations of mesh vertices @; as automatic-

differentiation-enabled vectors. Further, the material counterpart p; of @; can be obtained
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by simply “detaching” the latter: That is, p; = detach(x;). In this way, p; takes the same
value of x; but is considered constant (i.e., independent of the parameters 8). The rest of
computation can be accomplished using automatic differentiation, including the barycentric

interpolations in Eqgs. (3.17, 3.21) and Jacobian evaluations in Egs. (3.20, 3.22).
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Chapter 4

Differential Path Integrals

In this chapter, we devise a key result of this dissertation—differential path integrals—Dby
applying Reynolds transport theorem (§2.3.1) to material-form path integrals (§3.2). This
mathematical formulation will serve as the theoretical foundation for developing several

unbiased and consistent Monte Carlo estimators in later chapters.

Specifically, our objective is to derive derivatives of material-form path integrals defined in
Eq. (3.9) with respect to arbitrary scene parameters that can control, for example, the pose

of an object, the position of a vertex, or the albedo of a surface.

Continuity assumptions. To facilitate the derivation of the derivative, we make the

following assumptions:

A.1 There is no ideal specular surface (e.g., perfect mirror or smooth glass);

A.2 The source emission L., sensor importance We, BSDFs f;, and phase functions f, are

C°-continuous spatially and directionally;

A.3 The extinction coefficient oy and scattering coefficient o4 are continuous in the interior
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of all participating media;
A.4 Discontinuities of the Jacobian determinants J of Eq. (3.11), if they exist, are inde-

pendent of the parameter with respect to which the differentiation is taken.

In practice, when computing derivatives at some 6 = 6, Assumption A.4 is satisfied under
our choice of reference and motion discussed in §3.3. This is because .J always equals one at

0 = 0y (due to X(+,6y) reducing to the identity map).

Based on Assumptions A.1-A.4, we differentiate full material-form path integrals in §4.1.
In addition, we slightly relax Assumption A.2 by showing how zero-measure sources and

sensors such as point lights and pinhole camera can be handled in §4.2.

4.1 Differentiating Material-Form Path Integrals

Now we derive derivatives of the material-form path integral in Eq. (3.9) with respect to

some arbitrary scene parameter 6 € R.

Given the definition of the measure p in Eq. (2.25), we start with rewriting Eq. (3.9) as

=53 [ i i), (@)

where p = (po, ..., pn) is a material light path, and QlN, ply are defined in Egs. (3.7) and

(2.22), respectively. Then, deriving the derivative % amounts to differentiating I} for any

fixed N > 0 and path characteristic 0 < [ < 2N+,
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To this end, we first express I} in a recursive fashion by defining

hn(pn;prn-1) = J(PN) We(Tn-1 — TN), (4.2)
and, for 0 < K < N,
hx-1(Pr—1;PK—2) 3:/ hK(pK;pK—l)g(mK;a’K—QamK—l)dﬂév,K(pK>7 (4.3)
Bk

where dyfy , is defined in Eq. (2.23) and

9@ xr_2,Tr_1) = J(Pr-1) fv(®K—2 = Tx_1 = K) G(TK_1 & TK). (4.4)

In Egs. (4.2) and (4.4), the function f,, geometric term G and Jacobian determinant .J
are defined in Egs. (2.27), (2.28) and (3.11), respectively. In Eq. (4.3), the domain of

integration By is determined by bx (I)—the K-th bit of the given path characteristic I:

Bu, (bk(l)=1)
By = (4.5)

BVO' (bK<l> = O)

Given Eqs. (4.2-4.5), it is easy to verify that
va = / ho(Po) dﬂﬁv,o(Po)- (4-6)
Bo

Then, deriving % amounts to differentiating Eq. (4.3). Under Assumptions A.1-A.4, dis-
continuities of the integrand of Eq. (4.3) emerge solely from the mutual visibility function V
that is a factor of the g function defined in Eq. (4.4). Thus, applying Reynolds transport

theorem yields:

dhg 1 d l / AG(:BK_l <~ QIK) )
= | 5lxg)d h d 47
de /BK d0( e g) ditiv g 8BK( x9) G(xx_1 > k) v (Pr) ity i (4.7)
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Figure 4.1: Evolution of discontinuity boundaries: when the scene geometry varies
with the parameter 6, so will the visibility boundaries. In this example, 6 controls the
width of the surface My. Given a fixed point xx_; (on a surface or inside a medium),
the discontinuity points xx can lay (a) on a curve within an object surface (M, in this
example); and (b) within a surface determined by @k _; and the left edge (in solid black
lines) of My. The discontinuity curves and surfaces (illustrated in orange) generally depend
on the parameter 6. After transforming these curves and surfaces back to the reference
configuration using the reference map P(+,0), v, (px) in Eq. (4.7) captures the change rate
(with respect to ) of px along the normal direction of the discontinuity curve or surface
(under reference configurations).

where:

e 0By C By consists of jump discontinuity points of g(xx; Xk 2, k1) with respect to
Prx = P(xk,0) (viz. the spatial counterpart of @) when xx o and xx_; are fixed.
Specifically, when by (1) = 1, the integral in Eq. (4.3) is over all object surfaces By,
and 0B, is a set of curves (see Figure 4.1-a). On the other hand, when bg(l) = 0, the
right-hand side of Eq. (4.3) becomes a volume integral, and 0Bk takes the form of a

collection of surfaces (see Figure 4.1-b).

e v, (pk) is the scalar normal velocity of the discontinuity boundary 0By at px (see

Figure 4.1) and can be calculated via

dpk

UJ.(pK) = @ : n(pK); (4-8)
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where n is the unit-normal field associated with the discontinuity boundary 0By (as
a set of curves when pg is a surface vertex or surfaces when pg is a volume vertex).
Further, evaluating the change rate d’l in Eq. (4.8) requires locally parameterizing
the discontinuity boundary 0By in a neighborhood of px. We will discuss in practice
how this can be done in §5.2.5. We note that the scalar normal velocity v, is known
to be parameterization independent. In other words, all (valid) local parameterizations

of 0Bg will lead to the same pg.
e AG indicates the difference in G(xx_1 <> k) across the discontinuity boundaries.

e The measure fi , is defined as

d, (bK(l) = 1)
Qi = (19)
dA, (bK(l) = O)

where ¢ and A are, respectively, curve-length and surface-area measures.

With Egs. (4.3) and (4.7), we can now differentiate Iy defined in Eq. (4.6) by repeatedly

expanding hx_1 and PE=1 for K = 1,..., N, resulting in:

interior boundary
iy _| [ i), S
) M L TR L I o AP i) (410)
where

N

NK—<HB>X83K><< H Bn>, (4.11)
n=K+1
d,uNK( D) _d:uNK Pk) H dMNn(pn> (4.12)
02;}1\/

~

Afx(p) = f(p)

AG(:BK e CEK_l)
G(wK e $K_1> .

(4.13)

44



(a) (b) (0 (d)
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TK-1 LK1 LK1 LK1

Figure 4.2: A boundary segment T _; ; has property that its interior intersects with
another surface in the scene at exactly one point. This causes the endpoint xx to lie on
the discontinuity boundary of the visibility function V(xg_1 <> -) with xx 1 fixed (and
vise versa). With the presence of participating media, a boundary segment can connect two
surface vertices (a), two volume vertices (d), or one surface and one volume vertices (b, c).

Lastly, we can sum up Eq. (4.10) for all N > 1 and 0 < [ < 2¥+1 —1 to obtain our path-space

differentiable rendering formulation.

4.1.1 Differential Path Integral

Based on the derivations above, we obtain a key result of this dissertation:

Differential path integral

The derivative of the material-form path integral (3.9) with respect to some arbitrary

scene parameter 6 € R is, in general, a differential path integral of the form:

interior boundary

% /Q f(@)du(p) = /ﬂ %A(ﬁ)du(ﬁ) + /8 QAfK(ﬁ)vL(pK)du(ﬁ) . (4.14)

In the differential path integral (4.14), the interior term—which is essentially given by
exchanging the differentiation and integration operations on the left-hand side—has the

integrand % being the derivative of the material measurement contribution f :
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The boundary term of the differential path integral (4.14) is unique to our formulation. In

this term, o€ is the boundary path space defined as

oN+1_1

0Q = UNZI Uz:o U%:1 aQSV,K: (4.15)

where 8QZN K is given by Eq. (4.11). The elements of 92 are material boundary paths p =
(po, P1, - - ., pn) that are identical to ordinary material paths except for containing exactly
one material boundary segment px_1 px (for some 0 < K < N) such that the interior of
its spatial counterpart x_; £x given by 1 = X(px_1,0) and xx = X(pk, 0) intersects the
object surfaces M(0) at exactly one point (see Figure 4.2). We term Txx_; £x a boundary

segment and the spatial representation & = X(p, #) a boundary path.

Associated with the boundary path space O is the measure [ satisfying that, given a mate-
rial boundary path p = (pg, p1, - . ., pny) with characteristic [ and boundary segment px 1 prx,

it holds that

dj(p) = (H Aty (Pn) (4.16)

n#K

) dl(px).  (bx(l) = 1)
dA(px), (bic(l) = 0)

where dyufy , is defined in Eq. (2.23).

Additionally, for each boundary path p with a material boundary segment px_1 Pr, v1 (PK) €
R follows the definition in Eq. (4.8) and captures how “fast” (with respect to #) the discon-

tinuity boundary evolves at px along the normal direction.

Lastly, the term Afx(p) in Eq. (4.14) denotes the difference in material measurement con-
tribution f across the discontinuity boundary specified by the boundary segment pr_1 px.

Based on Assumptions A.1-A.4, it holds that

AG(.’BK,1 <~ w[{)
G(mK_l g acK) ’

Afx(p) = f(p) (4.17)
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where AG(xx_1 <> k) equals —G(xx_1 <> k) if the normal n(pg) of the discontinuity
boundary at px points toward a region visible to @y 1, or G(xx_1 <> k) if otherwise. In

other words, A fK(ﬁ) =+f (p) with the sign based on the direction of the boundary normal

n(px).

4.1.2 Discussions

Relation with Reynolds transport theorem. Mathematically, our differential path
integral presented in Eq. (4.14) is essentially a generalization of Reynolds transport theorem

of Eq. (2.36) to material-form path integrals.

Non-geometric differentiation. In the special case when a scene parameter # does not
affect scene geometry (i.e., no visibility boundary depends on 6), the mapping X(-, 0) reduces
to the identity map for all §. This causes (i) the material path space Q2 to become identical

to the ordinary (spatial) one €2; and (ii) the boundary integral in Eq. (4.14) to vanish.

Advantages of material-form path integrals. Although we have demonstrated in a
recent work [94] that it is possible to differentiate path integrals directly (i.e., with no
reparameterization) using a more general transport relation [9], the resulting derivative is
more complicated and requires handling more types of discontinuities such as topological
boundaries of object surfaces and discontinuities of surface normals or UV coordinates. In
contrast, our material-form path integrals are defined over parameter-independent material
path spaces 2. This allows us to differentiate material-form path integrals directly using
Reynolds transport theorem. Additionally, when handling discontinuities (of measurement
contributions), only discontinuities emerging from visibilities need to be tracked (as other

discontinuities tend to be independent of the parameter ¢ in the reference configurations).
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Compared with previous methods based on Monte Carlo edge sampling [45, 95], our formu-
lation allows the interior integral to be estimated using path sampling techniques beyond
unidirectional path tracing. Moreover, for Monte Carlo estimation of the boundary term
that requires drawing boundary segments, our formulation leads to new algorithms that do
not rely on silhouette detection—which is required by edge sampling methods but can be
prohibitively expensive for complex scenes. We will present our new Monte Carlo estimators

in the later chapters.

4.2 Supporting Zero-Measure Sources and Detectors

Our derivations of the differential path integral above assume that both the emission L, and
the sensor importance W, to be defined over some surfaces—which is the case for area lights

and cameras with finite (but nonzero) apertures.

On the other hand, zero-measure detectors and sources such as perspective pinhole cameras
and point lights are ubiquitous in computer graphics and vision. In the following, we discuss

how these models can be incorporated in our framework.

Perspective pinhole cameras and point lights. For a pinhole camera with the center
of projection x.,, € V, any light transport path must terminate at ., to have a nonzero
measurement contribution. For a light path (xo, ..., ZxN, Tcam), the sensor importance of the

pinhole camera equals!

1
Wé)inh()le(w]v) — G<mN <~ wC&m) P/(ng) 7 (4.18)
(ncam * Lcam :BN)

where G is the geometric term of Eq. (2.28), Mican is the camera’s axis of projection, and

IThe geometric term G resulting from the change of measure in Eq. (2.11) is absorbed into Eq. (4.18) for
defining the sensor importance of a pinhole camera.

48



Lcam Pixel recon. filter P

Figure 4.3: A perspective pinhole camera is specified by its center of projection @, € V,
axis of projection nem € S?, and per-pixel reconstruction filters h defined over an imaginary
image plane.

Team €N denotes the unit vector pointing from @ ., toward xy. In addition, as illustrated
in Figure 4.3, &y is the projection of x on the image plane (that is assumed to be unit-
distance from @, and perpendicular to M., ), and P indicates the pixel reconstruction

filter—which we assume to be C°.

Since restricting the last vertex of a light path to be exactly at ®.., requires introducing
Dirac delta functions to the sensor importance, we do not treat .., as an endpoint of all
light paths. Instead, we encode its contributions in the sensor importance as follows. For
any path (xg,...,xy) with xy being a standard surface or volume vertex, we set

We($N—1 — $N) = fv(ffBN—1 — N — wcam) WpinhOIB(iUNL (4-19)

e

where f, is defined in Eq. (2.27). Then, as demonstrated in Figure 4.4—(a), the measurement
contribution of a light path (o, ...,xy) with the detector importance of Eq. (4.19) equals

that of (xo, ..., TN, Team) With Eq. (4.18).

Similarly, with a (uniform) point light located at xg., we encode the contributions related

t0 X4 in the emission L, by setting
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Figure 4.4: Perspective pinhole camera: (a) To support this camera model, we encode
the contribution of the segment Ty T illustrated as gray dashed arrows in the detector
importance function via Eq. (4.19). (b) We also allow Ty @cam to be a boundary segment to
capture the additional discontinuities introduced by this segment.

Le(xg — 1) = fy(Tse = To = 1) G(Tge < X0) Liie, (4.20)
where Iy denotes the intensity of the point light.

Our formulations of Eqgs. (4.19) and (4.20) essentially make all surface or volume points on
the detector and the source, respectively, allowing pinhole cameras and point lights to be

handled without introducing Dirac deltas to measurement contribution functions.

Handling discontinuities. The inclusion of the geometric term G(xy > Tcam) in Eq. (4.19)
and G(xge <> xo) in Eq. (4.20) can violate Assumption A.2 (that requires W, and L, to
be continuous). Fortunately, this can be handled easily by including a new set of material

boundary paths in the boundary term of the differential path integral (4.14).

Specifically, for pinhole cameras, we consider p = (py, ..., py) such that py is a discontinuity
point of G(xyN <> Tcam). In other words, we allow Ty Team to be a boundary segment (see
Figure 4.4-b). Similarly, when handling point lights, we track discontinuities of &, such that

T Xy is effectively a boundary segment.
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Other zero-measure detectors and sources. Using the formulations outlined in Eqs. (4.19)
and (4.20), other zero-measure detectors (e.g., orthographic cameras) and sources (e.g., di-
rectional lights) can be handled in a similar manner. In case of a directional light with

incident direction wg,, we can encode its contributions in the emission by letting
—
Le(w() — wl) = fv(mﬂ) Wsre w0m1> V(CE(), wsrc) IsrC) (421)

where V(x(, wg.), which can be discontinuous with respect to @y, indicates whether a ray

with origin xy and direction wg,. can reach infinity without being occluded.
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Chapter 5

Monte Carlo Estimation of

Differential Path Integrals

Similar to the path integral formulation that has led to advanced Monte Carlo solutions
(e.g., bidirectional path tracing [82]) for forward rendering, our differential path integral
established in Chapter 4 serves as a mathematical foundation for the development of Monte

Carlo differentiable rendering techniques.

In this chapter, we introduce new unbiased and consistent Monte Carlo estimators for differ-

ential path integrals. We focus on the problem of estimating %| 6=, for some user-specified

0y € R with the reference configurations and motion as described in §3.3.

Because of the completely separated interior and boundary components of the differential
path integral (4.14), we compute these terms independently using Monte Carlo estimators
that we present in §5.1 and §5.2, respectively. Additionally, we validate and demonstrate

the effectiveness of our Monte Carlo estimators in §5.3.
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5.1 Estimating the Interior Integral

When estimating derivatives at some 6 = 6, the interior component of the differential path

integral expressed in Eq. (4.14) has the form

/ﬂ % (p)

We estimate this term using Monte Carlo integration by (i) sampling a material path p €

- du(p). (5.1)

Q with some probability density pdf (p); and (ii) evaluating the (single-sample) estimator

#@) <dd—9 f (15)’ > In the following, we discuss each step in more details.
=0,

Path sampling. With our choice of reference and motion discussed in §3.3, the material
path space Q) coincides with the ordinary one €2(6y). This allows us to sample the material
path p by re-purposing forward-rendering techniques. In practice, we use unidirectional or
bidirectional path tracing for interfacial light transport and volumetric path tracing algorithm
for volume rendering. We note that, since the path p is considered independent of the

parameter 0, the sampling process does not needs to be differentiated.

Differentiating measurement contributions. With the material path p constructed,
we compute the corresponding spatial path & € €2 by setting x, = X(p,, #) for each vertex
Py, of p. At 6 = 6y, since the mapping X(+, #y) reduces to the identity map, x,, takes the same

value as p,, for all n. On the other hand, the derivative —which can be obtained

d
@mn |9:90

by differentiating X(p,,, #) with respect to —is generally nonzero. In practice, as discussed
in §3.3.2, the x,, = X(py,0) can be implemented using barycentric interpolation with dif-

ferentiable (triangle or tetrahedral) mesh vertex positions and constant (i.e., “detached”)

barycentric coordinates. Lastly, we obtain % A(ﬁ) using differentiable evaluation of the
0=0

material measurement contribution f(p).
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Further Challenges

Although the process discussed above allows unbiased and consistent estimation of the inte-

rior integral of Eq. (5.1), several challenges remain.

Glossy BSDFs and pixel reconstruction filters. Although Eq. (5.1) can be estimated
by sampling material paths p using re-purposed forward-rendering techniques, the estimates
can suffer from high variance with the presence of, for example, glossy materials. We will
introduce new Monte Carlo methods that leverage antithetic sampling to efficiently handle

derivatives of glossy BSDF's and pixel reconstruction filters in §6.2 and §6.3, respectively.

Efficient differentiation. Many, if not most, practical problems involves many (e.g., 105~
10%) parameters. One commonly resorts to the reverse-mode automatic differentiation to
compute all requested derivatives at once. Unfortunately, a severe limitation of reverse-mode
approaches is the requirement of storing detailed transcripts of intermediate computation
steps. In physics-based differentiable rendering, the output is an image consisting of many
pixels, making the storage of computation graph expensive or even infeasible. In Chapter
7, we will present a technique that allows efficient differentiation of material measurement

contributions without storing full computation graphs.

5.2 Estimating the Boundary Integral

We now consider the estimation of the boundary component of our differential path inte-

gral (4.14) given by
/8  Afulp) s (o) di(p). (5.2)
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As explained in §4.1, this integral is over the boundary path space OQ—which is unique to our
formulation—comprised of material boundary paths p = (po, p1,-..,pn) that are identical
to the ordinary ones except for containing exactly one material boundary segment px_1 pr.
The two endpoints of a material boundary segment must satisfy that the corresponding
spatial points €x_1 = X(px_1,0) and xx_1 = X(px_1, ) are located on visibility boundaries

with respect to each other.

This requirement, unfortunately, makes the sampling of material boundary paths challenging.
For instance, provided one endpoint px_; of a material boundary segment, sampling the
other one pk requires identifying silhouette with respect to 51 = X(pg_1,6). To this end,
several previous methods [45, 95] rely on explicit silhouette detection, which scales poorly

to virtual scenes with complex geometries.

In what follows, we introduce a new Monte Carlo method to efficiently estimate Eq. (5.2)

while avoiding explicit silhouette detections.

5.2.1 Multi-Dimensional Form of the Boundary Integral

To efficiently sample a material boundary path p € 09, we introduce a multi-directional
process that reconstructs p from the boundary segment. For notational convenience, we

rename the vertices of p as:

p= Pl 1 ....,p5,p0,P0, ..., DY), (5.3)

such that pS and pP are located, respectively, on the source and the detector;'and p§ pd is

the material boundary segment. Similarly, we rename vertices of the corresponding (spa-

tial) boundary path as & = (x5, 25 |,..., x5, zD, 2D, ..., xP), as illustrated in Figure 5.1.

"'When the detector is a pinhole camera, as discussed in §4.2, pP is further connected to the camera’s
. ) .
center of projection peam (instead of being on the sensor).

%)



& .0 xS ¥

D
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Figure 5.1: We rename the vertices of a boundary path such that xj ¥ is the boundary
segment (illustrated in red). The source and detector subpaths are shown in yellow and
green, respectively. The arrows in this figure illustrate the physical flow of light (that is from
the source to the detector) and do not indicate how the subpaths are constructed.

Further, we factorize the integrand of the boundary integral in Eq. (5.2) into contributions

of the segment pj pY, the source subpath p® := (p3 ..., p}), and the detector sub-

path pP := (py,...,pP), respectively:

Afr(P)vi(px) = fB(p(S)aPoD) fs(ﬁS;PoD)JfD(ﬁD;Pg)j (5.4)

-

TV TV
boundary seg. src. subpath det. subpath

where

FB®5, pY) = AG(z5 « xD) v (pY), (5.5)
3505 p0) = £} =05 = P [Lo A0, —pd =P )Gl < a3 ),  (56)

~

fP®";py)

@y = Py = PO [y fu(Phy = PR = P2 G(al_ < 2D).  (5.7)

In Egs. (5.6) and (5.7), G is the generalized geometric term. Additionally, f. captures both
per-vertex contribution f, of Eq. (2.27) and the Jacobian determinant J of Eq. (3.11). That

is, for any p1, po, p3 € By and x,, = X(p,,0) for n =1,2,3:

~

fo(P1 = P2 — p3) = fo(xr — Ty — 3) J(P2). (5.8)
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With its integrand expressed using Eq. (5.4), we establish the boundary integral of Eq. (5.2)

in its multi-directional form as:?

//f (p5,Pg) Uf P>y dpo} {/f P pp dpo}dpo dpp, (5.9)

where the outer integral is over the material boundary segment p§ py. Additionally, p5 and
D denote the source and detector subpaths with endpoints pj and pd of the boundary

segment excluded, respectively. That is, p§ = (pS,...,p}) and pP = (p?,...,pP).

In the case of interfacial light transport, both pj and pf would always be surface vertices
(Figure 4.2-a). With the presence of participating media, on the other hand, they both can

be either a surface or a volume vertex, leading to three extra combinations (Figure 4.2-bed).

5.2.2 Change of Variables

To facilitate efficient sampling of the material boundary segment p5 pY, we apply a series of
changes of variables to Eq. (5.9) as follows. First, we use the predetermined differentiable

mapping X(-,0) to make the outer integral to be over the corresponding (spatial) boundary

po dpo
dzf dzf

segment x5 xy. In principle, this requires computing the Jacobian determinant H

based on the mapping X(-,6). In practice, because of our choice of reference configurations,

dp(s) deD
d:c(s) dwg

the Jacobian determinant simply equals one (i.e., =1).

Then, let B be the intersection point between the boundary segment @5 x5 and the union

25 b

of all object surfaces and wp = x5 ;) be the direction of this segment. We apply another

change of variable to make the outer integral of Eq. (5.9) to be with respect to ® and wg

2We omit the integral domains and measures in Eq. (5.9) for notational simplicity.
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Figure 5.2: Illustrations for deriving the change-of-variable Jacobian determinants ex-
pressed in Eqgs. (5.15)—(5.21).

(as opposed to xj and x). That is, we aim to rewrite Eq. (5.9) as:

//FB(:L‘B,wB) dwp dz®. (5.10)

We note that the point «® is not a vertex of the resulting boundary path—we will only use

it for sampling xj xp.

In what follows, we derive the integrand F B(xB,wp) of the rewritten boundary integral in
Eq. (5.10). This term needs to contain the Jacobian determinant corresponding to the change
of variable from x5 and x to ® and wg. We base our derivations on the assumption that
all surfaces in the scene are represented using triangle meshes. In this case, = will always

belong to an edge of some face of the mesh.

To derive the Jacobian determinant, we consider x5 fixed and xl located on a visibility
boundary with respect to «§. Then, dzj and dzy can be related to do(wg) and d/(xB),

respectively, as follows.

58



e When x5 is a surface vertex, as illustrated in Figure 5.2-al, we have

— do(ws), (5.11)

where 75 := ||&B — a3 || is the distance between z® and x5; ¢° is the angle between wp

and the surface normal at 5.

e When x5 is a volume vertex, as shown in Figure 5.2-a2, we have

= do(wp) dr®. (5.12)

e When z{ is a surface vertex, for 3 5 to be a boundary segment with x5 fixed, =¥

must belong to a curve (see Figure 5.2-b1). In this case, we have

dl(xP) sing®  dl(xB) sin B
(OQD _ 44 25 : (5.13)

where rP := ||zl — z5|| is the distance between x and xj, and ¢ is the angle between

wp and the curve’s tangent at .

e When x is a volume vertex, it resides on a surface determined by the point ® and
direction wp (see Figure 5.2-b2). It follows that
dA(xD) _ df(xB) sin ¢® ey (5.14)

rD rS

Based on the relations given by Egs. (5.11)—(5.14), we derive the Jacobian determinants for
changes of variables from xj and =} to ® and wg (as well as 5, P when needed) and the

corresponding integrand FB. Specifically:

e When both x§ and x} are surface vertices, according to Eqgs. (5.11) and (5.13), we
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have

dA(zf) dl(xg) || « p sin B (5.15)
dl(xB) do(wp) sin ¢P | cos S|’ '
and
i A sin ¢B
B = S e ¥ sin ¢P | cos ¢5| {/ f du} [/ f? du} (5.16)

With x} being a surface vertex and xf a volume vertex, multiplying Eqgs. (5.11) and

(5.14) yields
¢ p sing®
[cos 65

H dA(a}) dA(ab) 5.17)

dl(xB) do(wg) drP

and

Rl sin ¢P A A
:/S fBrSrD|COSQ;S’ [/fsdu] UfDdu] drP. (5.18)

With 25 being a volume vertex and &l a surface vertex, multiplying Eqgs. (5.12) and

(5.13) gives
¢ psing®
sin ¢P’

AV (af) dé(ap)
H dl(xB) do(wg) drS

(5.19)

and
- o sin ¢B
FB:/O 7By DSIH¢D {/f d,u] l/f d,u] dr®. (5.20)

Lastly, when both x§ and x} are volume vertices, according to Egs. (5.12) and (5.14),

we have
dV (z5) dA(zY)
dl(xB) do(wg) drS drP

oo [ e [ [ raaras

= 757D sin ¢®, (5.21)

and
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Algorithm 1: Monte Carlo estimator of the boundary integral (5.9)

1 EstimateBoundaryIntegral ()

2 begin

/* Sample boundary segment */
3 | Draw (zB wp) ~ P;
4 (x5, pdf¥) < sampleInteraction(x®, —wp);
5 (x, pdf®) < sampleInteraction(x®, wp);

/* Compute Jacobian determinant */
o | 1S fzb—afls P |laP — af));
7 JB — rSrP sin ¢B:
8 if x5 is a surface verter then
9 | JB« JB/|cos ¢F;
10 end
11 if o) is a surface vertex then
12 | JB <« JB/sin¢P;
13 end

/* Evaluate boundary segment */
14 | py x5 ph— xd;
R R ¢t o) KA

P(xB, wg) pdf’ pdf®’

/* Sample and evaluate source & detector subpaths x/
16 | T5 «+ EstimateSourcePath(p}; py);
17 TP + EstimateDetectorPath(pl; pj);
18 return 78 75 TP:
19 end

5.2.3 Sampling Boundary Light Paths

Based on the rewritten form of Eq. (5.10), we develop a generalized multi-directional sam-

pling algorithm (outlined in Algorithm 1) to estimate the boundary integral of Eq. (5.2).

Sampling boundary segment. Our algorithm starts with sampling a point =% € M(6)
and a direction wg € S? from some predetermined probability density P (Line 3). Recall
that £ and wp will determine the boundary segment @5 5. When the surfaces M(6) are

B

specified using triangle meshes, ® must belong to the union of of all face edges, which we

denote as £(A) C M(6). In addition, for each ® € £(0), the direction wg needs to satisfy
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the following two conditions:

e First, the line passing ® with direction wg does not penetrate M(#) at z®. Precisely,
as shown in Figure 5.3, if the face edge containing =" is shared by two faces with

normal vectors n and n/, we need to have (wp-n) (wg-n’) < 0.

B B

e Second, samplelInteraction(x”, —wp) and sampleInteraction(x”,wg) should suc-
cessfully return some valid &3 and Y, respectively. We will provide more details about

sampleInteraction next.

Provided ® € £() and wg € S?, we obtain the two endpoints x5 and xj of the boundary
segment using the sampleInteraction function (Lines 4 and 5 of Algorithm 1). For any
given  and w, samplelInteraction(x,w) returns a randomly sampled volume or surface

vertex at &+t w (for some t € R.(), accompanied with the corresponding probability density.

In practice, we follow the standard procedure in volumetric path tracing by first drawing a

free-flight distance ¢ > 0 from an exponential distribution with the PDF

p(#) = oy(@ + tw) exp (_ /0 (@ + sw) ds)

where oy is the extinction coefficient. For heterogeneous media, this can be achieved using
techniques like delta tracking [87] or differential ratio tracking [60] for strict unbiasedness.
If the line segment connecting x and (x + t w) does not intersect any object surface—that
is, {x + sw: 0 < s <t} NM(f) = )—sampleInteraction(x,w) returns a volume vertex
at (x + tw). Otherwise, the function returns the first intersection (x + tow) as a surface

vertex where tp =inf{0 < s <t:xz+sw e M(0)}.

Sampling subpaths. With the boundary segment x§ &} drawn, we compute the corre-

sponding Jacobian determinant J® (Lines 6-12) based on Egs. (5.15), (5.17), (5.19) and
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Figure 5.3: Sampling the boundary segment: When z® lies on an edge of a polygonal
mesh that is shared by two faces with normals n and n’, the direction wg needs to satisfy
(wp-mn)(wp-n') <0 (i.e., the green region) for the resulting segment x5 ¥ to be a (spatial)
boundary segment.

(5.21). This allows the contribution T® of the boundary segment x5 to be computed
(Line 15). Lastly, we estimate the contributions of the source and detector subpaths p° and

pP, respectively, using standard techniques such as volumetric path tracing (Lines 16 and

17), completing our estimation of the boundary integral of Eq. (5.2).

Next-event estimation. To improve the efficiency of boundary-path sampling, we adopt
next-event estimation (NEE), a technique widely used by forward rendering algorithms, as
follows. We consider (material) direct boundary paths p € Jy_, 8y 1, in analogy with
direct-illumination paths in unidirectional path tracing, where o0 ~,1 is defined in Eq. (4.11).
Then, a direct boundary path takes the form p = (pg, py, pP, .. .) with the material boundary
segment W. To construct a direct boundary path, instead of sampling wg € S? after
obtaining ® (Line 3), we sample the endpoint 5 directly on the surface of a light source
and set wg = :cgﬁaf. Further, since p§ = P(x5,6) is already an endpoint of the path p,

source subpaths do not need to be constructed from pj.

Pinhole cameras and point lights. Given a boundary path & = (xg,x1,...,ZN), as
discussed in §4.2, we allow T T to be an effective boundary segment—despite not treating

Team as a path vertex—to handle pinhole cameras (see Figure 4.4-b). In our multi-directional
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sampling algorithm, the segment Ty @, can be obtained by connecting the sampled point
B e & (0) to the camera’s center of projection @..,. In this case, the direction wg simply
B . . .
equals 8 Toam, and only the source subpath p® needs to be sampled. Similarly, when dealing
with point lights, we allow x4 @y to be an effective boundary segment. Then, wg = x4 x°,

and only the detector subpath pP needs to be constructed.

5.2.4 Grid-Based Importance Sampling

In Algorithm 1, a key step is to sample 8 € £(f) and wg € S? (Line 3). To this end, a
naive way to sample both B and wg uniformly. Unfortunately, this can result in estimates
of high variance, due to the complexity of the integrand F'B(xB, wg) defined in Eq. (5.10).
Instead, we would like to importance sample ® and wg jointly, with a probability density

B

P(xB, wg) proportional to the integrand. That is, P(z®, wg) o< F'B(xB, wg).

Although this probability is difficult to compute analytically, we note that the total dimen-
sionality of the domains from which £ and wp are drawn is only three. Specifically, the
union of all face edges £(0) has dimensionality one; and the set of all valid directions wg, as
illustrated in Figure 5.3, is a subset of S? with dimensionality two. We take this advantage
of low dimensionality to develop a simple method for importance sampling " and wg as

follows.

We represent the probability density P(x®, wg) as a piecewise constant function using a
regular 3D grid, and precompute this grid during preprocessing. Then, for each cell C; of

the grid, the corresponding probability value P; (before normalization) is given by
P; :/ FB(xB, wg) dwg da®, (5.23)
Ci
where F'B is defined in Egs. (5.16), (5.18), (5.20), and (5.22).
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To efficiently evaluate Eq. (5.23), we approximate the two integrals [ f Sdpu and f f Ddp—
which are factors of the function FB(wB, wp)—by leveraging kernel density estimation us-
ing the pre-generated photon and importon maps. Specifically, given the boundary seg-
ment m, by performing a nearest-neighbor (NN) search in the photon map around x,

we can approximate the contribution of the source subpath as
. 1 .
/Qfs dp ~ 1 Z fo(@3, wy, wp) @, (5.24)
p

where A is the area/volume of the search neighborhood, ®, denotes the power of the p-th
photon in the neighborhood, and w,, is the photon’s incident direction. A similar estimate

can be formed using the importon map for the contribution fQ f D dy of the detector subpath.

We emphasize that, even though our estimate of P(xB, wg) is biased, the resulting esti-
mator of the boundary integral remains unbiased, as P(x®, wg) is only used to importance
sample % and wg. In practice, we precompute two probability densities Pgirect (22, wp)
and Pipgirect (28, wp) for importance sampling the direct and the indirect boundary paths,

respectively.

5.2.5 Computing Change Rates of Discontinuity Boundaries

A key term in Eq. (5.2) is the “normal velocity” v, (pg) that captures the scalar change
rate of the discontinuity boundary along the normal direction (with respect to the scene

parameter 0).

In practice, evaluating this term using Eq. (4.8) largely amounts to computing the derivative

dpr

ga- that, in turn, requires parameterizing the corresponding discontinuity curve or surface

near pg. Under our multi-directional formulation described in §5.2.2, py is renamed as pj .

In what follows, we discuss the computation of v, (pf) at some user-specified § = 6, (with
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the reference configurations selected as described in §3.3.2) while treating p§ as fixed.

D
To obtain p} and, more importantly, its derivative ddLg , we first compute xf € V(6))
=0,

in a differentiable fashion and then transform it back to the reference surface or volume.

Without loss of generality, assume that

ﬁ leB _ iBS
x® =& awp + (1 - &) xq, wp =x, " = M’ (5.25)
0

where xp, g € M(6)) are positions of the two adjacent mesh vertices satisfying that the face
edge Tp Tq contains B, and & € [0, 1) is some real number that is considered independent
of 6. In Eq. (5.25), p, zq, and x5 can all be expressed as automatic-differentiation-enabled
vectors (as discussed in §3.3.2). We now discuss how 3 and pf—both of which depend on

the scene parameter 6 in general—can be computed in a differentiable fashion given " and

D
wg. After obtaining the derivative ddL; , we can compute the scalar change rate v, (pp)
0=0o

using Eq. (4.8).

Surface case. When xl is a surface vertex, as illustrated in Figure 5.2-b1, x{ and its

D

derivative ddi; ,p CBD be computed via differentiable evaluation of the ray-casting func-
=Yo

tion @ (2B, wp):

DD B,wB) = CCB —i—tM(a:B,wB) Wwg. (526)

x, = Tpm(x

Then, we obtain py by transforming x§ back to the reference surface as follows. Assume
that ¥ lies within a mesh triangle with vertices xa, g, £c. We compute the barycentric

coordinate (u1,us) of &y satisfying that

xy = (1 —wy — up) A + w1 Tp + Uz Tc. (5.27)

We note that, since x} is obtained with differentiable evaluation of Eq. (5.26) (as opposed

to the material-form parameterization), both u; and uy generally depend on the parameter
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To map x back to the reference surface, given Eq. (5.27), it follows that

Py = (1 —w — uz) pa + w1 PB + U2 Pe, (5.28)

where p, = P(x,, 6y) = detach(x.) for each x € {A, B, C}.

Given Egs. (5.25)—(5.28), we essentially parameterize the discontinuity curve locally near pY

using &;. Lastly, the derivative of p{ is given by

dpy

| = (i + i) pa+inps + i po, (5.29)

0=09

oo dyy -
where 1 == S} - for j =1, 2.
=bo

Volume case. When x{ is a volume vertex, as illustrated in Figure 5.2-b2, it must lie on
the discontinuity plane determined by xf and the face edge Tp Zq containing x®. Assume
that

xg = ap + & (2 — x7), (5.30)

for some & > 1. Then, the discontinuity plane containing xf is effectively parameterized

with & and & via Eqgs. (5.25) and (5.30).

When the motion X describes some affine transformation, as discussed in §3.3.1, we have
py =R (zg —t). (5.31)

When a tetrahedral mesh is used to express the motion X, as described in §3.3.2, assume
that = is located inside a tetrahedron with vertices xa, ®g, Tc, Tp € V(fy). Similar to

the surface case, we compute the barycentric coordinates (uy, us, uz) of xf in a differentiable
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fashion (so that they all depend on 6 in general). Then, it holds that

Py = (1 — uy — ug — ug) Pa + u1 PB + Uz Po + U3 P, (5.32)
dpp o . . .
—590 = — (1 + Uz + 13) pa + U1 PB + U2 Pc + U3 Pp, (5.33)
0=069

where p, = detach(z.) for all x € {A,B,C,D}, and 4, := % for j =1,2,3.
=0

=Yo0

5.3 Results

Based on our path-space differentiable rendering algorithms described in §5.1 and §5.2, we

implement the following two Monte Carlo estimators (in C++ on the CPU):

I.1 Our unidirectional estimator uses unidirectional path tracing (PT) for constructing not
only material light paths p for the interior term but also the source and detector

subpaths p° and pP for the boundary term.

I.2 Our bidirectional estimator uses bidirectional path tracing (BDPT) for construct all

these paths.

5.3.1 Validations

We validate our unidirectional and bidirectional estimators (1.1, I.2) in Figure 5.4 by compar-
ing derivatives estimated with our method to those obtained using finite differences (FD).

The following virtual scenes are used for the validation:

e The BRANCHES scene contains a tree-like object with fine structures (that is outside

the field of view) casting soft shadows on the ground. This object is further embedded
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within an optically thin heterogeneous medium.

The BUST scene consists of a translucent bust with complex geometry and spatially
varying scattering properties. The bust is optically thick and, thus, exhibits strong

multiple scattering.

The BUNNY scene contains a diffuse bunny inside a Cornell box. The scene is lit by

two area light sources with the right one facing the ceiling.

The VEACH-EGG scene is modeled after the well known scene created by Veach [81]
for demonstracing the effectiveness of BDPT algorithms. This scene involves a large
floor lamp, a small spot light, and a glass egg on a table, and we use a camera setting

to focus on the egg.

The BUMPY-SPHERE scene consists of a sphere made of rough glass inside a box filled
with a homogeneous participating medium. The sphere is lit by a point light from

above, yielding strong volumetric shadow and caustic effects.

We use perspective pinhole cameras (discussed in §4.2) for all these scenes.

For the BRANCHES scene, we compute derivatives with respect to the rotation angle of the

object around the vertical axis. For the BUST scene, we differentiate the ordinary image

with respect to the rotation angle of the translucent bust. Derivative images of these two

examples generated using our unidirectional estimator (I.1) closely matches the reference

obtained using finite differences.

For the BUNNY scene, the differentiation is with respect to the horizontal displayment of

both area lights. For the VEACH-EGG scene, the derivatives are computed with respect to

the vertical location of an outside-of-view spot light on the right. Both examples involve

light transport effects that are challenging for unidirectional methods. Thus, we use our
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BRANCHES

-
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Ours
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Negative INNNEEEETT 1 Positive

Figure 5.4: Differentiable-rendering validations: Comparison between the derivatives
estimated using our path-space algorithms (Ours) and the references (Ref.) obtained using
finite-differences method. The derivative images are displayed using the same colormap with
different scales.

bidirectional estimator (I.2) for this scene. Again, our results and the references match

closely.

Lastly, for the BUMPY-SPHERE scene, we estimate derivatives with respect to the horizontal
translation of the light source. Our result obtained using the bidirectional estimator (I.2)
matches the one obtained using finite difference method, which still contains some Monte

Carlo noises even after being rendered for many hours.
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BRANCHES2
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Negative NN 1 Positive

Figure 5.5: Evaluation of the effectiveness of our unidirectional estimator (I.1) for surface-
only light transport with complex geometry. All derivative images (other than the finite-
difference reference) are generated under equal sample with the exact running time shown
on the bottom left corner of individual images. Our method runs much faster than edge
sampling and produces a more accurate result than the reparamterization method.

5.3.2 Comparisons

Thanks to our differential path integral formulation introduced in Chapter 4, our Monte
Carlo estimators (I.1, I.2) are capable of handling complex geometric discontinuities and
light transport effects with high efficiency. In what follows, we evaluate the effectiveness
of our method on both aspects. To this end, we compare our results to those generated
using the (unbiased) edge-sampling methods [45, 95] and the (biased) reparameterization
approach [49]. We use two kinds of configurations for these comparisons: (i) scenes with
complex geometry and conclusion; and (ii) those with light transport effects that are known

to make unidirectional methods inefficient (e.g., caustics).

Complex geometry. Previously, sampling points from silhouette edges of a surface point

(i.e., edge sampling) was generally required to obtain unbiased derivative estimates [45, 95]
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with respect to the scene geometry. This process, however, can be prohibitively expensive for
scenes with complex geometries. Another solution is to trade unbiasedness for computational
efficiency by applying a local reparameterization [49]. This method relies on a number of
simplifying assumptions that can be violated in scenes with complex motions, making the

resulting derivatives too biased for inverse rendering applications.

In Figure 5.5, we show equal-sample® comparisons of derivative images computed by our
unidiretional algorithm and the other two baselines. The examples in this figure contain no
volumetric light transport; and thus can be rendered using both baselines. The details of

the two examples are as follows:

e The BRANCHES2 scene is a simplified version of branches scene by removing the em-
bedding heterogeneous medium. Same as the branches scene, we differentiate with

respect to the rotation angle of the object around the vertical axis.

e The PUFFER-BALL involves a highly-detailed mesh generated via physics-based sim-
ilution [98]. This model contains over one million faces and is illuminated by three
emitters of red, green, and blue colors, creating the colored shadows on the ground.
For each light, we use a single parameter to control its size and intensity such that the
total power remians constant. The derivative images are computed with respect to the

paprameter controlling the red light (which casts a blue shadow).

For both scenes, our results closely matches the references generated using the finite-difference
(FD) method. Edge sampling, despite being unbiased, struggled to produce clean results.
Compared to edge sampling, our method is both faster and provides derivative estimates
with much lower noise. The reparameterization method, on the other hand, generates clean

results but with high bias.

3We use CPU-based implementations of both our algorithms and the edge-sampling ones [45, 95]. The
reparameterization method [49], on the other hand, replies on a GPU-based implementation. Due to this
architectural difference, we opt for equal-sample instead of equal-time comparisons, as the former are more
representative of different methods’ relative performance.
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Figure 5.6: Evaluation of the effectiveness of our unidirectional estimator (I.1) with complex
geometry and volumetric light transport. All derivative images are generated under equal
time. Our method runs much faster than DTRT [95] and produces much cleaner derivative
images.

In Figure 5.6, we reuse the BRANCHES and BUST scene (see Figure 5.4), along with their
derivative configurations, to evaluate the efficiency of our unidirectional estimator (I.1). We
compare the derivative images estimated using our method (with low sample counts) to those
obtained by DTRT [95], which is the only framework that supports geometric differentiation
of volumetric light transport other than our generalized path-space formulation. As both
DTRT and our methods are developed on CPU, the comparisons are conducted under equal-
time condition. Because of the complex visibility, DTRT—which relies on explicit detection of
object silhouettes—produces highly noisy derivative estimates for both scenes. Our method,

on the other hand, does not require silhouette detection and can generate much cleaner reults

in equal time.

Complex light transport effect. Another major benefit of our theory is to allow the
interior term (and subpath contributions in the boundary term) to be estimated using sophis-

ticated methods such as bidirectional path tracing (BDPT). We use the scene VEACH-EGG2
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Figure 5.7: Evaluation of the effectiveness of our unidirectional and bidirectional estimators
(I.1, I.2) using the VEACH-EGG2 scene. All derivative images (other than the reference) are
generated under equal sample.

to evaluate the performance of our bidirectional estimator (I.2). This scene remains largely
identical to the one used for validation in Figure 5.4, except for using a lower roughness for

the glass egg.

In Figure 5.7, we show derivatives with respect to the vertical displacement of the spot
light estimated using our unidirectional and bidirectional estimators (I.1, I.2), edge sampling,
and biased reparameterization. All results (other than the finite-difference reference) are
generated under equal sample per pixel. Our bidirectional algorithm outperforms the others

significantly by producing accurate and clean derivatives estimates in the caustics area.

We will further demonstrate the practical advantages of our path-space differentiable ren-

dering algorithms in Chapter 8 with more physics-based inverse rendering examples.
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Chapter 6

Efficient Estimation of Interior

Integrals Using Antithetic Sampling

The interior component (5.1) of our differential path integral (4.14), as discussed in §5.1,
can be estimated by repurposing forward-rendering path sampling techniques. Although this
works adequately in many cases, it can lead to poor performance for scenes containing, for

example, glossy materials.

For efficient and robust estimation of the interior integral (5.1), we introduce new Monte

Carlo techniques that leverage antithetic sampling in this chapter.

6.1 Antithetic Sampling Preliminaries

Being a classic variance reduction framework for Monte Carlo estimation, antithetic sam-
pling [25, 19] has been studied in probabilistic inference and machine learning [69, 90]. In
computer graphics, this technique has been explored by several previous works in forward

rendering [77, 63, 76, 75]. In Monte Carlo differentiable rendering, Bangaru et al. [4] have

1)



applied antithetic sampling to efficiently handle discontinuity boundaries under the warped-

area formulation.

1D example. The core idea of antithetic sampling is to forgo independent samples and
use (negatively) correlated ones instead. To demonstrate how antithetic sampling works, we

consider the problem of estimating the following 1D integral:

= /OO h(z)dz, (6.1)

—00

where the integrand h is approximately an odd function with h(z) ~ —h(—z). When h
contains high-magnitude positive and negative regions, estimating I using ordinary Monte

Carlo with independent samples can suffer from very slow convergence.

To address this problem, one can draw = from some predetermined probability density p and

then set z* := —ux, resulting in an antithetic estimator

<[>antithetic = (62)

Since h(x) + h(z*) ~ 0, (I)antithetic can offer significantly lower variance. Please see Ap-

pendix 6.A for a detailed analysis of this antithetic estimator (in a more general setting).

In the following, we introduce new Monte Carlo techniques that leverage antithetic sampling
to efficiently differentiate BSDF's (§6.2) and pixel reconstruction filters (§6.3). Additionally,
we show how these techniques can be applied to full light transport paths (§6.4). Lastly, we

validate and demonstrate the effectiveness of our antithetic sampling techniques (§6.5).
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Figure 6.1: BSDF antithetic sampling: This example contains a simple scene where a
row of reflectors—whose roughnesses decrease from left to right—are lit by a large area light.
When estimating derivatives (with respect to the rotation angle around the horizontal axis),
the computational efficiency of conventional sampling methods declines when the surface
roughnesses decrease, as shown in (al) and (b1l). We use “Edge” and “PS1” to indicate,
respectively, differentiable path tracing with edge sampling [45] and the unidirectional path-
space method. Coupled with the same base methods, our BSDF antithetic sampling offers
significant variance reduction for the interior term in equal time, as shown in (a2) and (b2).

6.2 Antithetic Sampling of BSDF's

BSDF sampling has been a key ingredient for constructing light paths in forward rendering.
Although these techniques can be repurposed for differentiable rendering, the sampling effi-
ciency can be unsatisfactory for glossy scenes—especially when differentiating with respect
to scene geometries. With near-specular reflection and refraction, the estimated derivatives
can even have unbounded variance. This issue exists in most, if not all, existing physics-
based differentiable rendering frameworks, including edge-sampling methods [45, 95] and our

path-space algorithms, as shown in Figure 6.1-(al, bl).

To understand why this occurs, we examine the interior integral of Eq. (5.1) where the
integrand of this term is given by the derivative %ﬁf) of the material path contribution with

respect to the scene parameter 6. Let p, in the material light path p = (po,...,pn) be a
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surface vertex with glossy BSDF, we can rewrite %9”7) using product rule:
df(p)  dfo(p , d
J;(Qp) = fgép) fs(af'n—l — LTy — wn—i—l) + fO(ﬁ) (@fs(a"n—l — Ty — wn—l)) ) (63)

where x,, = X(p,,, 0) and fo consists of all the other terms in f except fs(®n_1 = Ty — Tpy1)-
For notational simplicity, we rewrite fs(@,_1 — @, — Tpi1) as fs(wi, wo) With w, := &, T, ]

and w; == @, T,_1.

Given the outgoing direction w,, traditional BSDF sampling techniques (developed for for-
ward rendering) typically draw the incident direction w; with some probability density pro-
portional to fs(-,w,). Unfortunately, this can be inefficient when handling the second term
on the right-hand side of Eq. (6.3) due to the vast difference between fs and its derivative

% fs—especially when the BSDF is glossy.

Our Method

As discussed in §6.1, integrals with integrands that are approximately odd and contain
high-magnitude positive and negative regions can lead to slow convergence when estimated
using independent samples. In the context of differentiable rendering, such functions emerge
as (geometric) derivatives of glossy or near-specular BSDFs. To address this problem, we
introduce BSDF antithetic sampling, as shown in Figure 6.1-(2a, 2b). We base our derivation

on microfacet BSDF's that generally take the form

fS(wi7 wo) = D(wh) fs(O) (wi’ wO)? (64)

where D is the normal distribution function (NDF) parameterized using the half-way

_ (witwo)
llwitwoll?

vector wy, : and fs(o) captures other factors such as Fresnel reflection/transmission

and shadowing/masking terms.
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(a) NDF D(wy,) (b) NDF deriv. dD/dw,,

Figure 6.2: Normal distributions D(wy) usually exhibit point symmetry, causing their
derivatives 40/dw,—which is vector-valued—to possess point symmetry (with respect to the
origin). We visualize an anisotropic normal distribution in (a) and its derivative in (b).

Differentiating Eq. (6.4) with respect to some scene parameter 6 yields

A (wi, wo)

dfs(wi, wo) _ dD(wy,)

O (e, D 6.5
= ) 100, ,) + D) L), (65)
where the NDF derivative %, according to the chain rule, equals
dD dDd
& 42 % (6.6)
d0  dwy, df
where 92 can be obtained by analytically differentiating the NDF (for parametric BSDF
dwy,

dwy,

17 depends on the differentiable-rendering formulation.

models), and the exact form of

In Eqgs. (6.5) and (6.6), © and dés(:) usually vary slowly, while the normal distribution

function D and its derivative % can vary rapidly for glossy materials.

Symmetry in NDF derivatives. Most, if not all, commonly used normal distributions,
including the Beckmann and the GGX models, are point symmetric. Specifically, under a

local coordinate system with the surface normal aligned with the z-axis, it holds that

D([zn, yn, 2n]) = D([=2n, —yn, 2n)), (6.7)
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for all 23 +y2 + 22 = 1 and 2, > 0. We note that this is the case even for anisotropic normal
distributions. This point symmetry (with respect to the origin) causes the derivative % to

also be point symmetric:

dD dD

—([7n, Yn, 20]) = _d_wh

dw, ([=2n, =4n, 2n])- (6.8)

Figure 6.2 visualizes the NDF and its derivative.

BSDF antithetic sampling. Based on the point symmetry of the NDF derivative, we in-
troduce BSDF' antithetic sampling that exploits such symmetries. As shown in Algorithm 2,
the process starts with drawing a half-way vector wy,; (Line 3) the same way as in forward
rendering based on the NDF [85] or visible NDF [28]. Then, we take the antithetic sample
Who = [—Zn, —Yn, 2n) assuming wy, ; = [xp, Yn, zn] under a local coordinate system where the

surface normal is aligned with the z-axis (Line 4).

With the half-way directions wy, ; and wy, 2 generated, we calculate the corresponding incident
directions w;; and w;s (Line 6) as well as the probability densities p; and p, (Line 7). We
note that p; and p, are computed solely based on the probability density py (from which
the ordinary sample wy,; is drawn). To be precise, when sampling microfacet BRDF's using
pn = D, we have

D(wh,)

= for j =1,2. .
p] 4(wo'wh,j)7 OI'] ) (6 9)

In practice, our BSDF antithetic sampling offers several benefits:

e It can provide significant variance reduction for estimating geometric gradients when

the scene is glossy.

e It is very easy to implement (that is, using a few lines of code), as demonstrated in

Algorithm 2.
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Algorithm 2: Antithetic sampling of microfacet BSDFs

1
2
3
4
5
6
7
8
9

10

AntitheticBSDFSample (x, w,)

begin
Draw wy 1 = [Zh, Un, 2] ~ Pn; // The ordinary sample
Set wy o < [—Zhy —Yn, 2n); // The antithetic sample

for j € {1,2} do
Compute incident direction wj; based on w, and wy, ;;
Compute p; := p(w; ;) based on py(wy ;);

end

return (wi1, p1, Wiz, P2);

end

e Since we draw wy; the same way as in forward rendering, the resulting sampling

pattern is well suited for forward rendering.

e Our BSDF antithetic sampling is not limited to microfacet BSDFs: The same algorithm
can be applied to any BSDF and provide variance reduction as long as the BSDF

derivative is similarly point symmetric.

Differentiable Rendering with BSDF Antithetic Sampling

Our BSDF antithetic sampling can be integrated into the Monte Carlo estimators of the

interior integral of Eq. (5.1). For instance, it can be used to improve our unidirectional

estimator (I.1) via a process outlined in Algorithm 3, which adopts unidirectional path

tracing to sample material light paths p. For each path vertex associated with a glossy or

near-specular BSDF, the algorithm draws two incident directions, causing the light path to

branch at this vertex.

Algorithm 3 focuses on the interfacial (i.e., surface-only) case but can be extended to handle

volumetric light transport easily. Further, ray intersections are applied using material points

directly since we assume the reference configurations to be chosen as described in §3.3.
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Algorithm 3: Estimate interior integrals (5.1) using BSDF antithetic sampling

1 estimateInterior(p, pdf;)

Input: Material path p = (po, p1, . ..) associated with a probability pdf;
Output: Estimate I of the interior integral (5.1) at 6 = 6,
2 begin
3 if py s located on a light source then
4 I+ evalMatContribDeriv(p)/pdf; ; // Evaluate (‘Lf&)p) ‘H , ) /pdf;
5 else
6 ‘ I+ 0;
7 end
8 if pg lies on a glossy surface then // Antithetic sampling
9 (wiq, pdf], wig, pdf]) < AntitheticBSDFSample(py, M);
10 qi < -'DM(pO,wi,l); qs w'/\/[(pg,wiQ) ; // Ray intersection
11 Convert pdf{, pdf; under the solid-angle measure to pdf,, pdf, under the
area measure;
/* Let q®p:=(q,po,p1,...) for any q € By */
12 I+ 1+ estimateInterior(q; ® p, pdf; - (pdf; + pdf,));
13 I « I + estimateInterior(g, & p, pdf; - (pdf; + pdfy));
14 else // Standard sampling
15 (w;, pdf?) < BSDFSample(py, M);
16 q +— T (Po,w;); ; // Ray intersection
17 Convert pdf? under the solid-angle measure to pdf under the area measure;
18 I+ I+ estimateInterior(q @ p, pdf; - pdf);
19 end
20 return j;
21 end

Next-event estimation.
can be easily extended to utilize next-event estimation (NEE). Although this is also possible
for our antithetic sampling (by generating w;; based on a position sample on a light source

and w; o following the same symmetry), we find it unnecessary in practice since antithetic

sampling is only applied when the surface is sufficiently glossy.

Varying parameterizations.
space parameterization, our antithetic BSDF sampling technique is actually largely inde-

pendent of any specific parameterization; and can also be applied to the edge sampling
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The standard-sampling branch (Lines 15-18) of Algorithm 3

Even though our derivation so far is limited to the path-



methods [45, 95]. To be precise, the different parameterizations adopted in the two frame-
works would only affect (i) how gradients of individual variables (such as p and wj) are

calculated; and (ii) how the boundary integral is handled.

Correlating subpaths. By utilizing pairs of correlated samples, our BSDF antithetic
sampling makes a light transport path to branch into two (Line 9 of Algorithm 3) that
start with p; and p., respectively. To ensure that the contributions of these two subpaths
mostly cancel out when computing the gradient of L, we use correlated random samples
to generate them. Conceptually, this is similar to computing finite differences using Monte

Carlo methods.

Path branching. When only a small fraction of the scene is (highly) glossy, branching
the light path at each vertex where BSDF antithetic sampling is performed has little impact
on rendering performance. On the other hand, for mostly glossy scenes, frequent antithetic
sampling can yield exponential branching of light paths and lowered performance. We will

introduce a solution to this problem in §6.4.

6.3 Antithetic Sampling of Pixel Filters

Similar to BSDF's, pixel reconstruction filters can also lead to noisy estimates due to high-
magnitude positive and negative regions in their derivatives (as demonstrated in Figure 6.3-
bl). To address this problem, we introduce in the following antithetic sampling of pizel

reconstruction filters (as demonstrated in Figure 6.3-b2).

When devising our antithetic sampling technique, we focus on the perspective pinhole camera
model described in §4.2 with the tent reconstruction filter (to be defined soon). The results,

on the other hand, can be easily generalized to other detector models (such as orthographic
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(a) (b1) (b2)

Figure 6.3: Antithetic sampling of pixel filter: Sampling primary camera rays based on
pixel reconstruction filters can produce high variance when estimating the interior integral
(b1). With our pixel-filter antithetic sampling, significant variance reduction can be achieved
(b2). In this example, the derivatives in (bl) and (b2) are computed with respect to the
bunny’s vertical position, and the ordinary image is shown in (a).

cameras) and pixel reconstruction filters (such as Gaussian).

Tent reconstruction filter. Assuming each pixel to be a square in the image plane 7

with edge length d (and surface area d?), the tent reconstruction filter is defined as!

by 1 [y | lyc|
Prent (Y )::@max 1—7,0 max 1—7,0 ; (6.10)

where y := (y* —¢) - s and y := (y* — ¢) - t with: ¢ € Z denotes the center point of the

pixel; s,t € S? indicate the horizontal and vertical axes of the image plane, respectively.

Recall that, as discussed in section §4.2, we formulate perspective pinhole cameras by en-
coding their responses using the sensor importance via Eq. (4.19). Under this formulation,
for any material light path p = (po, ..., pPn_1,q), the material-form path integral (3.9) can

be rewritten as

1= [ b W) a) dutp), (6.11)

J

-~

= f(p)

1W¢ intentionally let the supports of the tent filter from neighboring pixels to overlap, allowing the sum
¥ Pt(ézlt over all pixels to be constant across the image plane.
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where y = X(q.0); J(q) is defined in Eq. (3.11); and fo(p) is a factor of the material
measurement contribution f (p). We denote the last vertex of the material path p as q

(instead of py) to emphasize that it is directly “connected” to the pinhole camera at @ .

When differentiating radiometric measurements of a perspective pinhole camera given by
Eq. (6.11) with respect to some scene parameter 6, the interior component of the resulting

derivative takes the form of

| 5 (@) Wemty) s (@) dup) (6.12)

When the scene parameter 6 affects the geometry of an object that is directly visible to the
camera, for any spatial point y associated with the object, P(y*) depends on §—even if
the filter P itself is constant. This is because, under the material-form parameterization

described in §3.2, we have y = X(q, 6) for some fixed material point q.

Attached sampling. Eq. (6.11) can be reparameterized by applying attached sampling [92]
to the pixel reconstruction filter P, allowing this term to be canceled out entirely (if per-
fect importance sampling is possible) before differentiation. Doing so, however, suffers from

several problems which we will discuss in Appendix 6.B.

Our Method

In practice, the pixel reconstruction filter P, as a function of image-plane positions y*, are

usually point-symmetric with respect to the pixel center. This causes the (vector-valued)

dP(yt)
dyt

spatial derivative to exhibit the same type of symmetry, allowing us to apply antithetic

sampling to reduce the variance introduced by this derivative (see Figure 6.3-b2).

Specifically, the basic idea is to generate pairs of material paths p = (p10,P1.1,--.,q) and
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Figure 6.4: Antithetic sampling pattern: We evaluate the effectiveness of four different
antithetic sampling patterns (c—f) using derivative images of a pyramid-like object viewed
from the top using the tent pixel reconstruction filter (6.10). The derivatives are estimated
with respect to translations along the x- and y-axes (that are within the image plane),
and rotation about the Z axis (that is perpendicular to the image plane), respectively. All
derivative images in (b—f) are generated in equal time.

P = (P20,P21,--.,q") such that the image-plane projections of y = X(g,0) and y* =
X(q*,0) are point-symmetric. This can be achieved by (i) sampling image-plane location y;-
based on the reconstruction filter P and setting y; as the point reflection of yi; (ii) tracing
two camera rays through y;- and y5 to obtain spatial points y and y*, respectively (which in
turn give the corresponding material points g and g*); and (iii) constructing the remaining
vertices of paths p and p* using standard methods like unidirectional path tracing (with

correlated random samples).

Antithetic sampling pattern. The aforementioned process couples an ordinary path
with one antithesis (by exploiting point symmetry). Alternatively, we can construct deter-

ministically three antithetic paths using both edge and point symmetry as shown in Fig-
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ure 6.4-f. In theory, the effectiveness of different pixel-filter antithetic sampling patterns
depends on the target derivative. In practice, we found that the four-point pattern usually
offers the best performance at equal time (see Figure 6.4). We will also use this four-point

pattern in our path-level extension, which we will present in §6.4.2.

Limitations. Although the pixel-filter antithetic sampling by generating ordinary and
antithetic paths using correlated samples works adequately in many cases, it suffers from
several major problems. First, it introduces relatively high computational overhead since
two (or even four) full paths p and p* have to be constructed. Secondly, the process does
not handle an important path-sampling scheme where next-event estimation is applied at
g (by tracing a shadow ray toward the camera at ®.,,). This scheme is needed by, for
example, adjoint particle tracing (APT) as well as bidirectional path tracing (BDPT). To

address these problems, we introduce a path-level extension in §6.4.2.

6.4 Path-Level Antithetic Sampling

We now show how our BSDF and pixel-filter antithetic sampling (presented in §6.2 and §6.3,
respectively) can be generalized to full light transport paths, allowing more efficient and

robust estimations of the interior integral (5.1).

6.4.1 BSDF Antithetic Sampling At the Path Level

Based on the differential path integral formulation of Eq. (4.14), we introduce a new BSDF
antithetic sampling technique that operates at the path level and enjoys (i) having no expo-
nential branching even for mostly glossy scenes; and (ii) supporting both unidirectional and

bidirectional path sampling methods.
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Figure 6.5: Unidirectional construction of antithetic paths (starting from the de-
tector): In this example, we construct antithetic paths p; = (pj,,p;,,...,pg) for i = 3,4
based on an ordinary one p = (po, P1,---,Ps) that contains two vertices ps and p; (shown
in red) with glossy BSDFs. To obtain the first antithetic path p%, we apply BSDF antithetic
sampling to ps (by taking the antithetic sample), resulting in a new incident direction that in
turn yields a new vertex p3 ,. To obtain the second antithetic path pj, we take the antithetic
BSDF sample at p,, leading to a new vertex pj ;. Since this vertex has a glossy BSDF, we
continue tracing (using standard BSDF sampling) and obtain pj , before mering back with
the ordinary path.

Our basic idea is to decompose derivatives of the measurement contribution—by applying
the product rule—as the sum of multiple terms each of which involves one BSDF derivative.
In this way, we can apply BSDF antithetic sampling once per term, avoiding exponential
branching. We describe how our technique works in the following and provide detailed

derivations in Appendix 6.C.

Unidirectional sampling. The unidirectional variant of our technique starts with con-
structing an ordinary path p = (po, p1,...,Ppn) using unidirectional path tracing. Assume
that I C {1,2,..., N — 1} denotes the indices of path vertices where BSDF antithetic sam-
pling is needed. For each i € I, we accompany the same ordinary path p with an antithesis p;}
generated by taking the antithetic incident direction sampled at the i-th vertex of the ordi-

nary path p.
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To maximize the consistency between p and p;, we adapt the gradient-domain path trac-
ing (GDPT) [40], a forward-rendering technique. We note that the term “gradient-domain”
in GDPT refers to image-space gradients that differ fundamentally from the scene derivatives

with which differentiable rendering is concerned.

Specifically, given the ordinary path p = (py,...,pn), our technique builds the antithetic
path p; = (pjy, ..., P y) as follows. The first (i + 1) vertices of the antithetic path coincide
with those of the ordinary (that is, p;; = p; for all 0 < j <). The vertex p;,,, is obtained
by tracing a ray from p;; = p; in the antithetic incident direction (given by our BSDF
sampling). Then, starting from pj,, ;, we perform unidirectional path tracing with standard
BSDF sampling until reaching a vertex pj, with a non-glossy BSDF for some i' > ¢ + 1.
Lastly, we merge the antithetic path p; back to the ordinary after p;, by setting p}, = py

for all k£ > 7'.

Further, for all 0 < 7 < N, the vertex pj ; of the antithetic path Q;“ and the vertex p; of the
ordinary p must be either both glossy or both rough. If this requirement is not satisfied, the

antithetic path is rejected and considered to have zero contribution.

We illustrate this process in Figure 6.5 and demonstrate its effectiveness in Figure 6.6.

Bidirectional sampling. Our ordinary and antithetic paths can also be generated in a
bidirectional fashion. Specifically, we build two ordinary subpaths p® = (p3,...,p%) and
pP = (pD,...,pY;) originated at the source and the detector, respectively. Assume that
BSDF antithetic sampling is needed at vertices with indices I® in the source subpath and IP
in the detector subpath. Then, using the aforementioned unidirectional method, we build

an antithetic source subpath p5* for each i € IS and an antithetic detector subpath 15}3* for

each j € IP.
With all ordinary and antithetic subpaths constructed, we then make bidirectional connec-
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Figure 6.6: Our path-level antithetic sampling avoids exponential branching of light
paths. In this example, we show a glossy scene with a bunny inside a box lit by an area
light from the above, leading to many reflections of the bunny (a). Estimating derivatives
with respect to the vertical position of the light using the unidirectional path-space method
without antithetic sampling leads to very high variance (b). Using our BSDF sampling (§6.2)
with the same base algorithm, much cleaner derivative estimates can be obtained (c). How-
ever, since each light path contains many vertices that require BSDF antithetic sampling,
naively branching at each vertex has suboptimal performance. Our unidirectional path-level
antithetic sampling (§6.4.1) addresses this problem and produces even lower variance (d).
The derivative estimates in (b—d) are computed in equal time.

tions between the source and the detector subpaths as follows. That is, for each i ¢ I°
and j ¢ IP, we connect p} in the ordinary source subpath and p}) in the ordinary detector
subpath, resulting in a full ordinary path p; ;. To obtain the antitheses of this ordinary path,
we reuse the precomputed antithetic subpaths. Please refer to Figure 6.7 for an illustration

of this process.

6.4.2 Pixel-Filter Antithetic Sampling with Vertices Reusing

We now address the limitations discussed in the end of §6.3 by introducing a new antithetic

sampling technique for pixel reconstruction filters.

Given an ordinary path p = (po,...,P~n-1,q), we construct (deterministically) three anti-
thetic paths pf = (po,...,Pn-1,q;) for i = 1,2,3. The ordinary and antithetic paths are

identical except for the last vertices g and g;: Their image-plane projections of y = X(q, 6)
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Figure 6.7: Bidirectional construction of antithetic paths: Let p5 = (p§,...,p%,) bea
pre-generated ordinary source subpath associated with antithesis ﬁjs»*, and pP = (pg,...,pY)
be an ordinary detector subpath. Then, for any 0 < i < N and j < j/ < M, connecting
the i-th vertex pP on the ordinary detector subpath to, respectively, the j-th vertex p]s/
on the ordinary source subpath and p]S.;., on its antithesis yields complete ordinary and
antithetic paths (pj, ... ,pjs.,,p?, ...,pY) and (p%, o ,p%,,p?, ...,pY). In this example,
we have j' = 7 + 1. Similarly, we can connect a vertex pJS» from the ordinary source subpath
to a pair of vertices pl} and p?i’i from the detector subpaths (with i < ¢ < N) to form full
ordinary-antithetic light paths.

and y; = X(q},0) are symmetric around the pixel center, as illustrated in Figure 6.8. In
comparison to the pixel-filter antithetic sampling process described in §6.3, the path anti-
thetics g only differ from the ordinary path g; by the last vertex. In other words, all vertices
except for the last one (i.e., vertex p) in the ordinary path p are reused by the antithetic

paths p; for all 2.

Let pdf(p) be the probability density of a material path p sampled using standard techniques
such as unidirectional and bidirectional path tracing as well as adjoint particle tracing. When
the mapping (induced by aforementioned construction) between the original path p and the
antithetic one p} is one-to-one (for each i = 1,2,3), we can express the probability density

pdf? (p}) of antithetic path pf analytically based on pdf(p) as follows.
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Figure 6.8: Pixel-filter antithetic sampling with vertices reusing: (a) Correlated sets
of light paths are generated so that their intersections y*, yi, y3 and y3 with the image
plane are symmetric around the pixel center. (b) Given an ordinary path & = (xg, 1,y), we
construct its antithesis &} by replacing only the last vertex with y;, yielding £* = (xq, 1, y})
for 1 =1,2,3.

Constructing Antithetic Paths

We now discuss, given an ordinary path p = (po,...,Pn_1,q), how an antithetic path of the
form p* = (po,...,Pn-1,q") can be constructed so that the induced mapping from p to p*
is one-to-one. We note that this process will be applied to obtain each antithetic path p}

fori=1,2,3.

Since p and p* only differ by the last vertices, the problem amounts to constructing the last
vertex q* of the antithetic path p* in a one-to-one fashion. In the following, we discuss how

q* can be constructed based on the ordinary path p and, more specifically, its last vertex q.

Surface vertex. When q is a surface vertex (i.e., ¢ € By), as illustrated in Figure 6.9-a,

g can be constructed by:

1. Finding the image-plane projection y; of y = X(p, 0);
2. Obtaining the point y5 by mirroring yi- (based on antithetic sampling pattern);

3. Tracing a camera ray through the image-plane location y5 to obtain the first surface

intersection y* (while ignoring all media without refractive interfaces);
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4. Letting ¢* = X~ 1(y*,0).
Since the mapping between image-plane locations y;- and ;- is one-to-one, so is the mapping
between q and q*.
To calculate the probability density pdf*(p*), we rely on the relation:

dA(q")
dA(q)

Pt (5") = i) |

‘ . (6.13)

We now derive the ratio ||Ciﬁl($ )) || on the right-hand side of Eq. (6.13) due to the effective
change of variable from q to g*. Let ¢, and ¢ denote, respectively, the angles from the

camera’s axis of projection M., to directions ®eam ¥ and xeam y*. Then,

cos® py
dA(y) = Go(yHanm) dA<yf_)>

cos? o
dA(y") = g — dA(yy),

Go (y* cham)

(6.14)

where G is the (standard) geometric term defined in Eq. (2.28). Further, due to the point
symmetry between yi- and y; on the image plane, we have dA(y;) = dA(yy). Therefore,

it holds that

dA(y") || Go(y < Team) cos:”gzﬁz*j (6.15)
dA(y) B GD(y* <~ wcam) C083¢y ' ‘
It follows that
dA(q) || Go(y* <> Team) cos’ey J(q*) '
In practice, as discussed in §3.3, when estimating derivatives at some 6 = 6, with the

reference surface set to By = M(6p), both X(-,6p) and X7!(-,6) become identity maps.

This causes g* coincide with y*, and g with y. Further, the factor ,}]((;)) in Eq. (6.16)

reduces to one.
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Figure 6.9: Construction of antithetic path: Given ordinary light path with the last
vertex y, we build the antithetic path that is identical to the ordinary except for the last
vertex y*. We construct y* such that the mapping between y and y* is one-to-one based
on the type of vertex y: (a) When y is a surface vertex (i.e., y € M), we trace a camera
ray Team — yj and set y* as the first surface intersection while ignoring all medium (with
index-matched interfaces); (b) When vy is a volume vertex (i.e., y € V\ M), we set y* =

Team + 7 Team Y3~ With some r* > 0 such that T(@eam <> Y) = T(Tcam < Y*).

Volume vertex. When q is a volume vertex (i.e., g € B\ By), we construct the vertex q*
using a three-step process identical to the aforementioned surface case except for the third
step where we select the spatial point y* along the ray ®c., — y5 such that, as illustrated
in Figure 6.9-b, the transmittance between x..,,, and y* matches that between x.,, and y:

That is, T(Zcam <> Y*) = T (Tcam < Y).

Similar to Eq. (6.13) for the surface case, the probability density pdf*(p*) satisfies that

_ _ |[dV(g")
pdf*(p*) = pdf(p H 6.17
#) = i) | Gl (6.17)
Let r = ||y — Tcam|| and 7* = ||y* — @cam||. Then, it is easy to verify:
WV (y)/2 = cos® ¢, dA(y;") dr,
(6.18)

dV(y") /()2 = cos?’(b; dA(yy) dr*.

Our construction of the vertex y* implies that dA(yi) = dA(ys) and 4" /ar = o ®)/o(y). It

follows that

H dViq') (6.19)

‘ J(q)  cos’dy ()’ oi(y) J(q)
dV(q)

J(qr)  cosPoyrion(y*) J(g)

|5
dV(y)
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Similar to the surface case, when estimating derivatives at § = 6, with the reference volume

set to By = V(6p), the factor 7(@/s(g*) in Eq. (6.19) reduces to one.

Failed constructions. Occasionally, for an ordinary path p, the construction of its an-
titheses p; (presented in §6.4.2) can fail. This happens when: (i) the camera ray for
the antithetic path does not intersect any surface in the scene for the surface case; or

*

(ii) there does not exist a point y* along the ray satisfying the transmittance constraint
T(Xeam < Y*) = T(Xcam <> y). When the construction fails, we simply consider the anti-

thetic path p* to be nonexistent and set its contribution to zero.

Similarly, when calculating the probability density pdf;(p) for some path p, there may not

exist an ordinary path whose i-th antithesis equals p. In this case, we set pdf;(p) = 0.

Equal-transmittance vs. equal-distance. When y is a volume vertex (Figure 6.9-b),
its antithesis y* can also be constructed in a equal-distance fashion by setting r* = r rather
than requiring 7' (T cam <> y*) to match T'(xcam <> y). This, however, tends to produce higher
variance (see Figure 6.10). On the other hand, when the aforementioned equal-transmittance
construction is difficult—which can happen with heterogeneous media—the equal-distance

variant can be used as a backup.

Handling multiple pixels. When (the supports of) reconstruction filters of neighboring
pixels overlap, one light path p can “intersect” with (i.e., contribute to) multiple pixels. In
this case, for each intersecting pixel j, we construct one antithetic path p; for using the same

ordinary path p, and use our MIS estimator of Eq. (6.20) with p and p; for this pixel.
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Figure 6.10: Equal-time comparison of derivate images rendered with volumetric adjoint
particle tracing with (c¢) no antithetic sampling; (d) our equal-distance antithetic sampling
with r* = r; and (e) our equal-transmittance antithetic sampling with T(xcom < y*) =
T(Zcam <> y). This example contains a homogeneous translucent bunny (without refractive
interfaces) lit by an area light and uses the tent reconstruction filter (6.10). The deriva-
tives (visualized using the same color map as Figure 6.4) are computed with respect to the
horizontal translation of the bunny.

Multiple importance sampling. With both the ordinary path p and its antitheses p;

generated, we combine their contributions using multiple importance sampling (MIS) via:

p ) dgf §2
f(p) +Z pdf*(pz) (6.20)

where w and w* are the MIS weighting functions which we set using the balanced heuris-

: _ df(p . df: (p . _
tics [81]: w(p) = pdf(ﬁ)igf;df;(ﬁ) and w;(p) = pdf(ﬁ)erZEI;)df}f(ﬁ)’ for any material path p and

i=1,2,3.

6.5 Results

We now evaluate our antithetic sampling techniques introduced earlier in this chapter by com-
paring differentiable rendering results obtained with our approach to finite-difference (FD)

references and baseline methods. We will show more inverse-rendering results in Chapter 8.
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6.5.1 BSDF Antithetic Sampling

We compare derivatives estimated with and without antithetic sampling using two base
differentiable rendering algorithms: unidirectional path tracing with edge sampling [45] in-
dicated as “Edge” and our path-space methods with “PS1” indicating the unidirectional al-
gorithm (I.1) and “PS2” the bidirectional one (I.2). When applying antithetic sampling, we
use our BSDF-level variant (discussed in §6.2) with “Edge” and the path-level one (presented
in §6.4.1) with “PS1” and “PS2”.

In both the edge sampling and path-space framework, an image derivative consists of bound-
ary and interior components. We only show the interior components for comparison since

the estimation of boundary integrals is orthogonal to our work.

Isotropic BSDFs. In Figure 6.11, we show a few scenes with glossy objects depicted with

isotropic microfacet BSDF's.

The TEAPOT scene contains a glossy teapot lit by an area light. The derivatives are computed
with respect to the rotation angle of the teapot (about its vertical axis). Using differentiable
path tracing (Edge) [45], our BSDF antithetic sampling offers a speedup of over 60x to
produce derivative estimates with approximately the same quality. We conduct the equal-
quality comparisons by: (i) generating a reference image with low noise; and (ii) computing
derivative images with and without antithetic sampling progressively until the differences
between the rendered results and the reference drops below a predetermined threshold. At
equal time, standard BSDF sampling produces high variance in specular highlights on the
teapot. When using our antithetic BSDF sampling, on the other hand, much cleaner deriva-

tive estimates can be obtained.

The rest of the examples in Figure 6.11 are rendered using the path-space method. The

CORNELL-BOX scene contains a glossy sphere, and the derivatives are computed using our
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Figure 6.11: Differentiable rendering of isotropic BSDFs: We show (the interior
components of) derivatives estimated with and without our antithetic sampling technique
using different base differentiable rendering methods.

unidirectional algorithm (PS1) with respect to the vertical translation of the sphere. At
equal quality, our path-level antithetic sampling (§6.4.1) offers a 16.2x speedup. At equal
time, the estimated derivatives contain high variance without antithetic sampling. We note
that even the non-glossy regions (such as the diffuse walls) suffer from high noise due to

interreflections. With our technique, in contrast, the variance is greatly reduced.

The BUST2 scene consists of a diffuse bust (whose 3D model is from McGuire’s Computer

Graphics Archive [52]) inside a glossy glass dome, and we compute derivatives with respect to
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Figure 6.12: Differentiable rendering of anisotropic BRDFs: We show (the interior
components of) derivatives obtained with and without our antithetic sampling technique
using different base differentiable rendering methods.

the rotation of the bust about its vertical axis. Our antithetic sampling achieves a speedup of

26.7x to generate equal-quality derivative estimates and produces significantly lower variance

at equal time.

Lastly, we reuse the VEACH-EGG2 scene introduced in §5.3 but with a different view. This
scene contains a glass egg lit by a small spot light, creating caustics on the table. The
derivatives are computed with respect to the vertical translation of the egg. Due to the com-
plexity of light transport in this example, we estimate the derivatives using our bidirectional
algorithm (PS2). Our path-level antithetic sampling provides a 10x speedup and, similar to

the previous examples, offers much cleaner results at equal time.

Anisotropic BRDFs. Our antithetic sampling technique also applies to anisotropic BS-
DF's, which we demonstrate in Figure 6.12. Similar to Figure 6.11, we only show contributions

of the interior terms.
The LOGO scene shows the virtual image of a SIGGRAPH logo on an anisotropic reflector
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with derivatives computed with respect to the rotation angle of the logo around its horizontal
axis. Our antithetic sampling technique achieves a speedup of 13.2x at equal-quality and

provides considerably more accurate results in equal time.

The SAUCEPAN scene contains a glossy saucepan made of brushed metal lit by a small area
light, resulting in characteristic anisotropic highlights on the bottom. When computing
derivatives with respect to the vertical rotation of the saucepan, our technique offers a

speedup of 8.7x at equal quality and much lower image RMSE in equal time.

6.5.2 Pixel-Filter Antithetic Sampling

In §6.3, we have demonstrated in Figures 6.3 and 6.4 the effectiveness of our pixel-filter
antithetic sampling without reusing path vertices. We now evaluate the path-level extension

introduced in §6.4.2 using differentiable-rendering results.

In Figure 6.13, we show results generated using adjoint particle tracing (APT) and bidirec-
tional path tracing (BDPT). As discussed in §6.2, without reusing path vertices, pixel-filter
antithetic sampling has difficulties in supporting methods like APT and BDPT that trace

“shadow rays” toward the camera.

The EARTH and BUST3 examples in Figure 6.13 contain, respectively, a textured diffuse
earth object and a homogeneous translucent bust. Both examples are rendered using APT.
Additionally, the KITTY result involves a glossy kitty (from the Digitalized 3D Object Col-
lection [16]) inside a Cornell box lit by an area light facing toward the ceiling, creating
a challenging light-transport situation. The GLASS-BALL example contains a rough glass
sphere lit by a small area light. Both examples are rendered using BDPT. For all examples,

our vertex-reusing technique provides significant variance reduction.
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Figure 6.13: Pixel-filter antithetic sampling with vertices reusing: To demonstrate
the effectiveness of our pixel-filter antithetic sampling (with vertex reusing) (§6.4.1), we show
equal-time comparisons of derivative estimateswith respect to object translations. Results in
(b) and (c) are generated without and with our antithetic sampling, respectively. The EARTH
and the BUST3 examples are generated with volumetric adjoint particle tracing (APT); the
KITTY and the GLASS-BALL use bidirectional path tracing (BDPT). All examples use the
tent pixel reconstruction filter.
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6.A Analysis of Antithetic Estimators

Let (€, ) be some measure space. In what follows, we consider the problem of estimating

integrals of the form

I= /Q f(z) dp(z). (6.21)

Specifically, let 5 : Q — Q be a diffeomorphism satisfying that f(5(x)) = « (that is,

B =p"") and |det DB(x)| = 1 for all & € Q. Then, we will show that

(6.22)

is an unbiased estimator of Eq. (6.21) where X is a random variable over 2 with probability

density p (such that f(x) # 0 implies p(x) > 0).

Proof of unbiasedness Since the Jacobian determinant of 5 is assumed to have unit

absolution value, applying a change of variable from x to y = (x) yields

/Q f() dulz) = / f(y") duly), (6.23)
f(x) + f(x*) _ S+ fly)
/Q i) Lo dufe) - / ) S ), (6.24)

where x* := (x) and y* := ((y). Then, it holds that
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Variance analysis We now analyze on the variance of antithetic sampling, in comparison

to the traditional Monte Carlo estimator

(Duste 1= 1(X)/p(X). (626
We have
Ve (P = Var (D] = [ p(a) [%] dute) - [ pla) [%rdm)
¢ [UELIE [

_ / [f () + f(x")] — f(=)® du().
0 p(@) (6.27)

Thus, if |f(x) + f(z*)| < |f(z)] for all © € Q, we have Var[(I)aua] < Var[(I)snge]. In other
words, if we can have f(x) and f(5(x)) to cancel each other out, the antithetic-sampling

estimator given by Eq. (6.22) will offer a lower variance.

6.B Problems of Attached Sampling

Assuming the pixel reconstruction filter can be perfectly importance sampled, the intensity

I of a pixel can also be expressed using a primary-sample-space integral:

= / ¢ Li(@eum(6) — y-(€:0)) €, (6.25)
[0,1)2

where ¢ is a normalization factor, and L; denotes incident radiance that can, in turn, be
estimated using path integrals (3.9). Additionally, y* : [0,1)?> — Z is a mapping that
encodes the importance sampling (of the pixel reconstruction filter) and transforms a primary

sample & ~ U[0,1)? to a point on the image plane Z. We note that, when the scene
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evolves with a parameter #, the mapping y* generally depends on 6 and, thus, needs to be
differentiated when estimating derivatives of Eq. (6.28). This formulation is also known as

attached sampling [92] (applied to the pixel reconstruction filter P).

Under the attached-sampling-based formulation of Eq. (6.28), for any light path

Z = (xo,...,TN_2,Y), the last vertex y is given by attached sampling (and ray intersection),
and the remaining ones xy,...,xy_o—which are used to estimate the incident radiance
Li(Team — yt) and its derivative—by our path-space method. Thus, the change rates of
y and xy,...,xN_o (With respect to 0) are calculated differently where the former is given

differentiating the sampling and ray intersection process:

dy d Lig.
- @raylntersect(mcam(ﬁ) —y(&:6)), (6.29)

and the latter by differentiating the material-form parameterization:

dx,, d

for all n = 0,1,..., N — 2 with p, being a material point independent of the scene pa-
rameter 0. The discrepancy between Egs. (6.29) and (6.30) becomes problematic when the
vertex y and its neighbor @ _, are very close to each other—which can occur at corners or in
participating media (as illustrated in Figure 6.14). Precisely, when the distance ||y — &y _s|
between y and @y _o approaches zero while the difference ||(4¥/a) — (d@~-2/6)|| between their
derivatives does not, the term GWH+0N72)/G(y<—>wN,2) diverges (i.e., goes to infinity). This term
is a factor of the interior path integral when differentiating Li(Zeam — y*) in Eq. (6.28).
As demonstrated in Figure 6.15, this divergence can lead to very high variance in resulting

derivative estimates. In contrast, our method uses the same material-form parameterization

for all vertices and, thus, does not suffer from this problem.
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Figure 6.14: Problem of pixel-filter attached sampling: For any light path * =
(xo,...,TN_2,Y), when the last vertex y is drawn by applying attached sampling to the pixel
reconstruction filter, the change rate 4¥/d¢ is determined by the sampling process and differ-
entiable ray intersection—which differs from the material-form parameterization (discussed
in §3.2) that give the change rates of other vertices @, ..., xy_2. When the distance between
y and the neighboring vertex xy_» (e.g., @y in this figure) approaches to zero—which can
occur at object edges/corners (a) and in the interior of participating media (b)—the change
rates 4¥/ds and d@n-2/ds remain different, leading to highly noisy derivative estimates.

6.C Derivations of Pixel-Filter Antithetic Sampling

We now derive our pixel-filter antithetic sampling technique (§6.4.1). For notation simplicity,

we only consider the light transport between surfaces.

Let p = (po,...,pn) € Q be some material light path and X(p,0) = (o, ..., zx) € Q(0)
be the corresponding ordinary path with x; = X(p;,0) for ¢ = 0,1,...,N. Given Z C
{1,2,..., N — 1} consisting of vertex indices such that BSDF antithetic sampling is needed
at p; for each 7 € Z, we factor out BSDF terms at these vertices in the material measurement

contribution of Eq. (3.10), yielding:

fo) = folp) [ [ £li1P), (6.31)

i€T

where fi[i](p) == fs(xi-1 = ®; — x;41); and fo consists of all the other terms in f including
rough BSDFs that do not need to be antithetically sampled, the geometric terms, and the

Jacobian determinant in Eq. (3.10). Then, according to the product rule, differentiating

105



Ordinary ) FD reference ) Attached ) Ours

Negative I ! Positive

Figure 6.15: Equal-time comparison of derivative images estimated with the vertex y
drawn using pixel-filter attached sampling (b) and our antithetic sampling (c). All results
use the tent reconstruction filter (6.10) and are rendered with unidirectional path tracing.

Eq. (6.31) gives:

4(p)_ (o) [T+ b X 5 T 50 (632

1€l JEI\{3}

It follows that the interior term of Eq. (4.14) can be rewritten as

[P g - [ 2 (Hfsm ) ?) +

S| [ e BT piiie) | antw)| - (639

i€l JEI\{i}

We note that the right-hand side of Eq. (6.33) involves multiple path integrals where the
first one does not involve derivatives of glossy BSDFs and can be handled using an ordinary

path p generated with standard unidirectional or bidirectional method.
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Each remaining path integral, on the other hand, involves exactly one derivative of the form

dfslil/as. We estimate this integral using p and its antithesis p}, as discussed in §6.4.1.
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Chapter 7

Efficient Computational

Differentiation

Thus far, our discussion has mostly focused on the differentiation of scalar sensor responses I €
R>( with respect to one scene parameter # € R. On the other hand, most practical prob-
lems involve vector-valued sensor responses I € RTj (e.g., as an image with m; pixels) and
multiple scene parameters @ € R™¢. When both the response I and the scene parameters @
are high-dimensional (i.e., my and my are large), efficient differentiation becomes crucial for

the practicality of differentiable rendering systems.

In this chapter, we devise a mathematical formulation that expresses image-loss gradients as
differential path integrals comprised of an interior and a boundary components (§7.1). Based
on this formulation, we propose an algorithm to efficiently compute the interior component
by exploiting the layered structure of the computation graph (§7.2). Additionally, we discuss

how the boundary component can be estimated in a unified fashion (§7.3).
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7.1 Differential Image-Loss Path Integrals

Physics-based rendering typically involves estimating multiple, say mj, response values (e.g.,
one per pixel). To this end, we make the (material) measurement contribution function to
be vector-valued, denoted as f . Then, the material-form path integral (3.9) can be rewritten

in a vector-valued form as

= /Q £(p) du(p), (7.1)

where I, f (p) are myr-dimensional (column, i.e., R™7*1) vectors. Assuming we have myg
scene parameters denoted as @ € R™e*! by differentiating Eq. (7.1) with respect to 0, it is

easy to verify that the vector-valued form of the differential path integrals (4.14) is

interior boundary
dI df(p) , . o
VR / A )dﬂ(p) + [ Afx(p) vy (pr)*t di(p) (7.2)
0 | Jo do o

where 4. di(eﬁ) e Rm*me  Af(£) € R™*! and v, (px) € R™*!. We note that, v, (px)

is a vector now since the scalar change rates (along the normal of visibility boundaries) vary

among different scene parameters. Further, although some terms in Eq. (7.2) such as 3—5 and
dj;ff ) can be extremely large (i.e., consist of trillions of elements), they do not need to be

stored explicitly when calculating gradients of loss functions, which we will discuss next.

Image-Loss Gradients as Path Integrals

As an important application of differentiable rendering, many inverse-rendering problems

are formulated as finding scene parameters 8 € R™® minimizing some (scalar-valued) loss L:

0" = arg mgn L(1(0)). (7.3)
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This framing is referred to as analysis by synthesis in computer vision. In practice, the loss
L can also directly depend on @ when, for instance, regularizing scene parameters. This is

orthogonal to our work and we omit this dependency in the remainder of our exposition.

Efficiently solving optimization problems as in Eq. (7.3) requires computing gradients of the

loss £ with respect to the scene parameters 8. Based on the chain rule, it holds that

dL dr
0 (8I£)d0 (7.4)
where 9 € R™™¢ and 9;L := %% € R"™ are row vectors, and 5 is an (mg X mg)-matrix.
Lastly, substituting Eq. (7.2) into Eq. (7.4) yields,
interior boundary
dl P o
v [ TP ) v [ 00 sfemven G (05)
de a de 96

which we term as the differential image-loss path integral. Given Eq. (7.5), we make the

following key observation: Taking as input drL (with the same dimension as I), the gradient

dL/de can be computed directly by estimating (interior and boundary) path integrals—that is,
dr

without the need to compute or store the large matrix 5 (or individual elements of I in a

differentiable fashion).

In what follows, we examine both the interior and the boundary components of Eq. (7.5).

Additionally, we will discuss Monte Carlo estimations of these terms in §7.2 and §7.3.

Interior component. Without loss of generality, the vector-valued form of material mea-
surement contribution function f can be expressed as the product of a vector-valued fo and

a scalar-valued fl. That is, for any material path p, we have

f(p) = fulp) f1(p). (7.6)
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Figure 7.1: Given a material light path p = (po,...,Pn_1,PN), its material measurement

contribution f' (p) is typically very sparse where only components corresponding to pixels
that “intersect” the segment xy_; & y—i.e., pixels whose reconstruction filters have supports
covering the projection of xy_; on the image plane—are nonzero.

where fo(p) € R™*! and fi(p) € R.

When the radiometric responses I are the pixels intensities of a perspective pinhole camera—
which is the case we focus on— fo( p) encodes the per-pixel reconstruction filters, while fl( D)
captures the product of all the other components—such as BSDF's, geometric terms, and
Jacobian determinants resulting from the material-form parameterization—that are invariant
across pixels. In this case, for any given material light path p = (po, ..., Pn_1,PN), fo(ﬁ) €
R™1%1 is generally sparse since only pixels whose reconstruction filters “cover” the segment
ZTyn_1 @y will have nonzero values (see Figure 7.1). Let nz(p) C {1,2,...,my} denote the
indices of nonzero elements of f'o (p). Then, it holds that the integrand of the interior term
in Eq. (7.5) equals

@0 )= 5 @ 2 (F). (.7

renz(p)

where (97L)[r] and f(p)[r]—both of which are scalars—denote the r-th components of 9;£

and f(p), respectively.

Boundary component. The boundary integral in Eq. (7.5) is unique to differentiable
rendering. Similar to f (p) in the interior term, A fK(ﬁ) in the boundary integral is also

sparse in general, when the radiometric response I are pixel intensities. It follows that the
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integrand of the boundary integral equals

(01£) Afx(P)o(px)" = Y (0Ll (AFk ()] v(pxk)", (7.8)

renz(p)

where (Afx(p))[r] € R denotes the r-th component of Afy (p). Further, the nz(-) function
in Eq. (7.8) is the same as the one in Eq. (7.7), since the set of pixels to which a light

transport path contribute is regardless of whether the path is ordinary or boundary.

7.2 Estimating the Interior Path Integral

Given Eq. (7.7), we can obtain the following unbiased (single-sample) Monte Carlo estimator

of the interior component of the differential image-loss path integral (7.5):

<Zr€nz(p) (GIE) ’I"] % (f(ﬁ) [T]) > (7 9)

pdf; (13)

where the material light path p € Q, as discussed in §5.1, is sampled in a non-differentiable
fashion using standard techniques (such as unidirectional path tracing); pdf;(p) denotes the
probability density for sampling p. Additionally, antithetic sampling techniques, as intro-
duced in Chapter 6, can be applied to better handle glossy BSDF's and pixel reconstruction
filters. For expositional simplicity, we omit the details of these advanced path-sampling

techniques in the remainder of our exposition.

In the following, we present a general method (that is not specific to any path sampling
technique) for efficient evaluation of Eq. (7.9) in §7.2.1, and discuss how this method can be

further optimized in unidirectional (§7.2.2) and bidirectional path tracing (§7.2.3) settings.
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7.2.1 Differentiating Measurement Contributions

Once a material light path p is drawn, the estimation of the interior component of Eq. (7.5)
boils down to: (i) identifying all pixels affected by this path (i.e., nz(p)); and (ii) computing
the numerator of Eq. (7.9) for each affected pixel r. Since the first step can typically be done
easily (by examining the segment corresponding to the camera ray), we focus on the second

step in the following.

Given any material light path p = (po,...,pn), for all @ € R™*! let £ = X(p,0) =
(o, ...,xnN) be the corresponding ordinary path (where x,, = X(p,,0) for 0 <n < N). The

material measurement contribution defined in Eq. (3.10) can be rewritten as

f(ﬁ) [T] = H fv(wn—l — T — mn—l-l)] [ﬂ G(a’n « wn—l-l)] ) (7'1())

where G is the generalized geometric term defined in Eq. (2.28). Additionally,

~

fv(mn—l — Ly — wn—‘rl) = fv(mn—l — Iy — mn+1) J<pn)a (711)

where J defined in Eq. (3.11) is the Jacobian determinant resulting from the material-form
parameterization (i.e., the change of variable from ,, to p,); and f,(x,—1 — @, — Tp41)

defined in (2.27) captures the contribution of the vertex x,. To be specific,

e When 0 <n < N, fi(x,_1 — ®, — T,41) is given by the surface BSDF or the scaled

single-scattering phase function at @,;

e When n =0, fy(x_1 — ®y = @1) := Le(xg — x1) captures the emission at xy (with

x_1 being a dummy variable);

e Whenn =N, fi(xny_1 = Ty = Tyy1) = We(r)(a:N_l — @) represents the response

of pixel r and encodes the pixel reconstruction filter (with &y being a dummy vari-
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Algorithm 4: Efficient differentiation of material measurement contribu-

tion f(p)[r] in Eq. (7.7) with respect to scene parameters 0

1 ComputerMeasurementContribution(@, p, r)

Input: Scene parameters 6, a material path p = (po, ..., py), and a pixel index r

Output: f(p)[r] and its gradient df®)rl/a0
2 begin
/* Forward pass (layer 1)
3 x, = X(pn,0) for each 0 <n < N;
/* Forward pass (layer 2)
4 Gn = fv(a:n_l — &y, —> Tpyq) for each 0 < n < N;
gn = G(xp_N_1 <> ®,_pn) for each N < n <2N;
/* Forward pass (layer 3)
6 f= Hzﬁo 9n; )
/* Backward pass (layer 2): compute dg, := 4//dg,

7 dgn:ginforeachOSnSQN;

/* Backward pass (layer 1): compute dx, = d//dz,

8 foreach 0 <n < N do

Ofv(@n—1 5@ =@ 1)
9 ‘ (dmn—ly dmnu dwn+1) + - dgn faiznill’—;:’w_;il;rl))
10 end
11 foreach 0 <n < N do

0G(znrxn

12 ‘ (d,, dz, 1) += dgniiin M;
13 end

/* Backward pass (layer 0) compute df := df/de
_ N OX(pn,0) .

14 do = Zn:O dwn —80

15 return (f,d0);

16 end

Hn/;én In' =

*/

able).

Evaluating Eq. (7.9) requires computing the gradient of Eq. (7.10) with respect to the scene
parameters 6. Since Eq. (7.10) is a scalar-valued expression (per color channel or wave-
length), the computation can be implemented using standard reverse-mode automatic differ-
entiation; however, when the light path p contains many vertices, evaluating Eq. (7.10) will
involve a great number of computations that require a large computation graph to represent.

As observed in prior work [61], this can be problematic for storage (e.g., precluding GPU

implementation) and performance.
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(Tp—1 <> xp) //7>
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A
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G((EO < .’L’l)
fv(To — x1)

Layer 0  Layer 1 Layer 2 Layer 3

Figure 7.2: A layered computation graph for evaluating the material measurement con-
tribution f(p)[r]. All terms on which fy(@,_1 — @, — @,.1) depends are highlighted in
orange. We omitted the vertices p, of the material path p as they are independent of the
scene parameters 6.

Exploiting independencies. To address this problem, we make an important observation
that the individual f, and G terms on the right-hand side of Eq. (7.10) can be evaluated
in a largely independent fashion—even if the parameters @ control scene geometry. This is
thanks to the material-form parameterization: the gradient d(;"—; of each path vertex @, can

be computed independently by differentiating the mapping X(-, 0). That is,

de, 0X(p.,0)
= <n< . .
0 20 (for all 0 <n < N) (7.12)

Figure 7.2 illustrates the computation graph for evaluating f(p)[r]. This graph consists

of several layers where all nodes in each layer can be evaluated independent of each other.

Exploiting this structure, we evaluate the gradient % by traversing the computation

graph in a layer-by-layer fashion.

A~

As shown in Algorithm 4, our technique first performs a forward pass that evaluates f(p)[r]
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followed with a backward pass that computes the gradient %@H). During the latter pass, the
8fV(mn71_>mn—>mn+l) aG(mnHmn“rl) ax(p’l’u
I@n—1,2n,pt1) 7 O(@n, ®pt1) and o0

gradients 9 from Lines 9, 12 and 14, respectively,

can be computed efficiently using standard reverse-mode automatic differentiation.

In what follows, we discuss how Algorithm 4 can be further optimized for unidirectional and

bidirectional path tracing — two widely adopted path sampling methods.

7.2.2 Path-Tracing-Specific Optimizations

Unidirectional path tracing with next-event estimation (NEE) constructs a single detector
subpath pP = (pY, ..., pY) coupled with a set of vertices pf, ..., p% obtained by sampling
emitter surfaces. For every 0 < n < N, connecting p? and p> produces a full light transport

path

ﬁn: (p§7p57p7?717"'7p(?)7 (713)

as illustrated in Figure 7.3.! Then, the interior component of Eq. (7.5) can be estimated by

summing Eq. (7.9) over all p,:

(7.14)

n=1

NS oo (OrE)] & (F()1r1)
<Z pdfygg (Pn) > '

Although this expression can be evaluated by applying Algorithm 4 to each path p,, individ-
ually, doing so would lead to suboptimal performance since many terms such as G(xy <> =)

will be computed (and differentiated) multiple times.

To address this problem, noting that nz(p,) = nz(pP) for all 0 < n < N, we rearrange the

1Strictly speaking, we need to also consider two-vertex paths of the form (pg7 pY). We neglect this corner
case to simplify our derivations.

116



Figure 7.3: With next-event estimation (NEE), a unidirectional path tracer effectively con-
structs a set of light paths that share one detector subpath (', «?,...) shown in blue. The
arrows in this figure illustrates the flow of light. We present a technique to efficiently com-
pute and differentiate the measurement contribution of all paths by factoring out common
terms.

terms of Eq. (7.14) and obtain:

N

dnes _ F(Pa)lr]
> (91L)]r] 15 Vhere fpe .;m, (7.15)

renz(pP)

with pdfyge(p,) treated as “detached” (i.e., independent of @). To efficiently compute
Eq. (7.15), similar to how unidirectional path tracing is implemented for forward rendering,

we factor out the common terms in the inner summation of Eq. (7.15). Let

he = fo(®hy — xh — xh ) Glan,, < z0), (7.16)
_ f (x5 — P — 2P ) G(x] + xD) f}e(wg — xD)

pdiEE (ﬁn)

hS - , (7.17)

where Lo(z3 — xb) i= Lo(x) — x) J(pd) captures the emission at 3. Then, it is casy to

verify that, for all 0 <n < N,

p({fE\IEE Pn (H hD) (7'18)

n/=0

It follows that
haer = hy (B + AP (RS + Ry (b + h3(..0)))), (7.19)
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which can be differentiated in a layered fashion using a process similar to Algorithm 4.
Specifically, in the forward pass, we first obtain the path vertices 2 = X(pP, ) and z° =
X(p3, ) for all n (layer 1), followed with computing individual hE and hS terms (layer 2).
Then, we evaluate hygg (layer 3). In the backward pass, we start with obtaining derivatives

dhP = dgggE and dhS := dz% (layer 2) by differentiating Eq. (7.19). Then, we evaluate

nggE and thEE (layer 1) followed with the gradient ¥XEE (layer 0) that can be used to

estimate the interior integral via Eq. (7.15).

7.2.3 BDPT-Specific Optimizations

A bidirectional path tracer typically constructs a source subpath p5 = (p§,p},...) and
a detector subpath p? = (p?,p?,...). Let ps; be the material light path obtained by
connecting the s-th vertex in the source subpath and the ¢-th vertex in the detector subpath.
That is, ps: = (p§, ..., P, PP, ..., py). Then, it holds that the interior integral in Eq. (7.5)

can be estimated using

(0rL)[r] (f(pst)[ ]) > (7.20)

<Z Z ot (p&t pdfs,t (pS,t)

st renz(ps,t)

where pdf,, is the probability density (for sampling a path with s vertices from the source
and ¢ from the detector), and ws, is the corresponding multiple-importance-sampling (MIS)

weight.

To evaluate Eq. (7.20) numerically, we start with constructing the source and detector
subpaths p° and pP followed with computing the PDFs pdf, ;(Ps,¢) and the MIS weights
ws¢(Psy) for all s and ¢. Since none of these terms need to be differentiated, they can be
computed in a similar way as conventional BDPT does (for forward rendering). Then, we

evaluate (in a differentiable fashion) the BSDF and geometric terms along both the source
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subpath p° and the detector subpath p® in a layered fashion similar to Algorithm 4. Lastly,

(ps +)[r]

we reuse these terms to evaluate the gradient af for all s and t while avoiding duplicate

computation/differentiation.

7.2.4 Relation with Prior Works

Our technique presented above is closely related to some recent works [61, 84], which for-
mulate image-loss gradients as solutions of an adjoint transport problem. We will show that
some key results in these work can be considered a specific realization of Eq. (7.5). To do

so, we first assume the following:

e The scene parameters 8 € R™*! do not control object geometry (i.e., do not affect

visibility discontinuities);

e The vector-valued measurement contribution satisfies f (&) = W, (&) f1(&) where W, (&) €
R™ <! indicates the detector responses, and f(Z) € R captures the remaining measurement-

contribution terms;

e W, is independent of the scene parameters 6.

Given these assumptions, Eq. (7.5) simplifies to

= /Q 010) Witz )P (@) du(a). (721)
Ac(®)

In practice, the detector responses W, usually depend only on the last segment Ty _; €y of

a light path & — that is, W,(Z) = W,(xy — @x_1). This allows further simplification of

Eq. (7.21) as
o [ Ak e | [ Sh@ e atex)daen, @2)
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where _ is a light path given by & with its last two vertices ®y_; and @y removed.

Eq. (7.22) is equivalent to a key result in §3.3 of the radiative backpropagation work [61].

Moreover, a key idea in path replay backpropagation [84] is to reuse light transport paths
when recursively expanding the differential rendering equation. Under the differential path
integral formulation, this is equivalent to applying the product rule when differentiating
the measurement contributions. Specifically, given a material light path p, assume f (p) =

IL, 9»(P) with g,(p) capturing individual components (e.g., BSDFs and geometric terms) of

A

f(p). Then,

|52 = | (ngd—f,’” I gn«p)) au(p). (7.23)

n'#n
The path replay idea essentially states that the right-hand side of this equation can be com-
puted by reusing one path sample p, which leads to a natural practice under the differential

path integral formulation (as is indeed the case for Algorithm 4).

7.3 Estimating the Boundary Path Integral

Eq. (7.8) induces an unbiased (single-sample) Monte Carlo estimator of the boundary com-

ponent of the differential image-loss path integral (7.5) as

(7.24)

Y e OrL)[r] (A fic(p)[r] v(px)
pdf,(p) 7

where the boundary light path p € € can be sampled in a multi-directional fashion (starting
with the boundary segment) as discussed in §5.2; and pdf, (p) denotes the probability density

for sampling p.

With the boundary path p sampled, evaluating the numerator of Eq. (7.24) is, in fact,

relatively inexpensive. This is because, with 9;L provided, the only term in the numerator
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that requires differentiation is the scalar change rate v(px)—as oppose to the evaluation
of the interior integral (§7.2) that requires differentiating the full material measurement

contribution. Specifically, it holds that

v(pk) = (%)Tn(m), (7.25)

where n(pg) is a three-dimensional (column) vector representing the unit normal of the
visibility boundary at px. Further, the calculation of the spatial point px—which generally
depends on the parameters 6—has been presented in §5.2.5 via, for example, Eqgs. (5.28) and

(5.32). To obtain v(pk) using reverse-mode automatic differentiation, we let

V(pk) = PI{ n(px). (7.26)

Then, it is easy to verify that, with the normal n(pg) fixed (i.e., set independent of 8), V'

is an “anti-gradient” of v satisfying

v(pK) = %V(pK). (7.27)

It follows that the scalar-valued expression

(7.28)

- ( > rena(p) (O1L)[r] (AfK(p))[T]>
Pk | n(px) )

pdf,(p)

with all the terms expect the first (i.e., pj) fixed, is an “anti-gradient” of Eq. (7.24). Thus,
by applying reverse-mode automatic differentiation (i.e., backward) to the result of this ex-

. . . . . dﬁ
pression, we can accumulate the contribution given by Eq. (7.24) to the final gradient 4.
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Chapter 8

Application: Physics-Based Inverse

Rendering

As a main application of differentiable rendering, inverse rendering (aka. analysis by syn-
thesis) is concerned with recovering a set of scene parameters @ € R™e (such as material or
geometric properties of objects in the scene) from one or multiple input images I € R™. This
process is normally be formulated as the optimization of some predetermined (scalar-valued)

loss Liot:

0" = argmgnﬁtot(I(O),O; I (8.1)

where I(0) € R™ denotes images generated with parameters @ (provided by forward ren-

dering), and each component of I and I(0) stores the intensity of an image pixel.

Loss function. Theloss Lo in Eq. (8.1) is a crucial ingredient for solving inverse-rendering

problems and typically formulated as the sum of an image loss £ and a regularization loss L,eg
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Physics-based
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Image 1(0) Target Image
l |
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Image loss L(-)

Iterate

| dctot |

Lao

Figure 8.1: The typical optimization pipeline for gradient-based inverse rendering applica-
tions. In this iterative process, the derivatives generated by the differentiable renderer is the
key for updating the scene parameters 6.

weighted with A € Ry:
Liot(1(0),0;1) := L(I(0),I)+ X L.ox(0). (8.2)

In practice, the image loss £ can be simple Ly or Ly differences (between I(0) and I), or
more sophisticated neural metrics [74, 35, 56, 72]. The regularization loss L., can encode
simple smoothness conditions (e.g., using image or mesh Laplacian) or complex data-driven

priors.

Solving inverse rendering problems. The inverse-rendering optimization in Eq. (8.1)
is typically solved using gradient-based methods. For example, when using (stochastic)
gradient descent, one starts with some initial guess @) that is then updated iteratively for

t=0,1,... via:
dﬁtot
dé

mwnzgm_vm(

e_o(t)> : (8.3)

123



where 8®) € R™e indicates the parameter values at iteration ¢, and v € R denotes the
learning rate (or step size) for that iteration. Further, more advanced optimization methods
like Adam [42] replace the scalar step sizes v with preconditioning matrices M) € R™e*me

computed based on the parameter values ) for ¢/ < t.

Applying the iterative update outlined in Eq. (8.3) requires computing the gradient % at

6 =00:
dﬁtot
de

L dc

u~ dﬁreg
o—owy 40

_l’_
o—ow 4O

(8.4)

)
0=01)

where, according to the chain rule, it holds that

oL < dI >
=\ 57 2 . 8.5
6=0(1) (81 1:1(e<t>)> d0 g 83)

nd g—ﬂ I=1(atn) 1€ obtained, respectively, using differ-

dl
dé

In Egs. (8.4) and (8.5), %

0=6"
entiable evaluations of the regularization and image losses L,c; and £. The image gradient

dr

36 lg—g(» o1 the other hand, requires differentiable rendering—the main focus of this disser-

tation. We show an overview of the inverse-rendering optimization process in Figure 8.1.

Moreover, as discussed in Chapter 7, the image-loss gradient , in Eq. (8.4) can be

@l
6 o=t
estimated efficiently using differential image-loss path integrals (7.5) by taking as input

oL

T | 1=1(0(0))" This avoid storing the full image gradient

% ‘ 0—0(t) (or the corresponding global

computation graph).

In what follows, to further demonstrate the practical usefulness of our path-space differen-
tiable rendering techniques introduced in the earlier chapters, we provide several synthetic

inverse-rendering examples in §8.1 and §8.2 using gradients estimated with these methods.
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8.1 Inverse Rendering Comparisons

We now demonstrate the effectiveness of our techniques by comparing inverse-rendering

results produced by our methods and a variety of baselines.

All our results are generated using an educational CPU-based implementation that has been

released with our previous publications [94, 96, 93].

Configurations. For all comparisons in this section, we set the image loss £ as the
root-mean-square error (RMSE) between one target image and the corresponding render-
ing and apply no additional regularization (i.e., L, = 0). Additionally, we use the Adam
method [42] to solve the optimizations. To ensure fairness, we use identical initial states 8

and learning rates for each comparison.

8.1.1 Comparisons with Non-Path-Space Methods

As demonstrated in §5.3.2, our Monte Carlo estimators (I.1, I.2) based on the formulation
of differential path integrals scale well to scenes with complex geometries. Additionally, our
bidirectional estimator (I.2) is capable of efficiently handling complex light-transport effects
like caustics. In the following, we compare inverse-rendering results with gradients estimated

with our methods and several previous (non-path-space) methods.

Complex geometry. We first demonstrate the effectiveness of our technique using ex-
amples with complex geometries and compare inverse-rendering results generated by Monte

Carlo edge sampling [45, 95], biased reparameterization [49], and our methods.

Figure 8.2 shows an example that reuses the BRANCHES2 scene described in §5.3. We use

two inverse-rendering setting with identical initial configurations but different targets where
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Figure 8.2: Inverse rendering comparisons using the BRANCHES2 scene with the object’s
rotation angle being optimized. All methods are configured to have equal sample count per
pixel. We show rendered images produced by each method after the last iteration with ours
marked in purple, edge sampling in orange, and reparameterization in green. The image
and parameter RMSE plots are color-coded the same way, and the latter is not used for
optimization.

the object is rotated, respectively, by 0.2 and 0.6 radian (from the initial). Under the first
setting, all methods including the biased reparameterization method, manage to converge
to the correct answer. Under the second setting, on the other hand, the reparameterization

approach fails to converge properly due to its high bias. Under both settings, our method

runs significantly faster than edge sampling while producing much cleaner derivatives.

In Figure 8.3, we show inverse-rendering processes of the PUFFER-BALL scene with the light
sources sizes being optimized. Details of this scene can be found in §5.3. Due to the very
high face count, edge sampling produces too much noise for the optimization to converge
properly. Our technique again produces clean and unbiased derivative estimates, allowing

the optimization to converge easily.
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Figure 8.3: Inverse rendering comparisons using the PUFFER-BALL scene with the light
source sizes being optimized. All methods are configured to use equal sample count per
pixel, and the visualization scheme follows that of Figure 8.2.

The experiments are conducted on a workstation equipped with an octa-core Intel i7-7820X
CPU and an Nvidia Titan RTX graphics card. The performance statistics for therse two

equal-sample comparisons are included in Table 8.1.

Complex light-transport effects. To further demonstrate the advantage of our bidi-
rectional estimator (I.2), we use the VEACH-EGG2 scene, whose derivative comparisons are
provided in Figure 5.7, with a new inverse-rendering setup where the position of the spot light
and the refractive index of the glass egg are optimized jointly. We compare the performance
of our unidirectional and bidirectional methods as well as edge sampling [45, 95]. We adjust
the sample counts so that each iteration takes roughly equal time for all methods. We do not
include the reparameterization method [49] for this comparison as its implementation does

not support derivatives with respect to refractive indices. As shown in Figure 8.4, gradients

Table 8.1: Performance statistics for the inverse-rendering comparisons in Figures 8.2, 8.3.
The “time” numbers indicate average computation time (in seconds) per iteration, including
the overhead (shown in parentheses) for precomputing importance-sampling grid (discussed
in §5.2.4).

Scene # param. # iter. Time Time Time
(Ours) (Edge) (Reparam.)
BRANCHES2 1 140 0.5 (0.1) 5.7 0.3
PUFFER BALL 3 160 4.5 (2.0) 28.6 1.5
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Figure 8.4: Inverse rendering comparison using the VEACH-EGG2 scene with the spot
light’s location and the glass egg’s refractive index optimized jointly. The optimizations
are configured so that each iteration takes equal time for all methods, and the visualization
scheme follows that of Figure 8.2.

estimated with edge sampling are too noisy for the optimization to converge properly. Those
produced by our unidirectional algorithm (I.1) have higher quality but are still noisy, prevent-
ing the optimization from finding to the exact solution. The bidirectional variant (I.2), on
the other hand, produce significantly cleaner gradient estimates that allow the optimization

to converge smoothly to the global optimum.

Volumetric light transport. We now provide a set of comparisons where volumetric light
transport is involved in Figure 8.5. We compare the inverse-rendering performance of our
method and DTRT to demonstrate the usefulness of our low-variance derivative estimates.

We adjust sample counts so that each optimization iteration takes approximately equal time.

For the BRANCHES and BUST scenes in this figure, we use the exact scene and parameter
configurations given in §5.3. For the BUMPY-SPHERE scene, we replace the point light with

a small area light since DTRT only supports the latter.

For the BRANCHES scene, gradient-based optimizations driven by both methods converge
correctly. Our method offers faster convergences thanks to its cleaner derivative estimates.
For the BUST and BUMPY-SPHERE scenes, optimizations using gradients estimated by DTRT

fail to converge due to very high variance in the estimated gradients. Our method, on the

128



Opt. RMSE Opt. RMSE

Initial Target (ours) (DTRT) (DTRT)

1e-2 _Img. RMSE (DTRT)
T S——
1

1e—2  Img. RMSE (Ours)

20 40 60 80 100
1e-1 Param. RMSE (DTRT)

20 40 60 80 1
1e—1 Param.RMSE (Ours)

BRANCHES

20 40 60 80 100 |

1e-1 Img. RMSE (Ours) le-1 Img. RMSE (DTRT)

20 40 60 80 100 120
Param. RMSE (DTRT)

20 40 60 80 100 120
Param. RMSE (Ours)

Bust

20 40 60 80 100 120 20 40 60 80 100 120

1e-1 Img. RMSE (Ours) le-1 Img. RMSE (DTRT)
1

0 25 50 75 100 125
Param. RMSE (Ours)

0 25 50 75 100 125
Param. RMSE (DTRT)

25 50 75 100 125

BUMPY-SPHERE

Figure 8.5: Inverse-rendering comparisons using gradients estimated with our technique
and DTRT [95]. The sample count is adjusted so that both methods take approximately
equal time per iteration.

other hand, allows smooth convergence to the correct results.

8.1.2 Antithetic Sampling for Inverse Rendering

Now, to highlight the importance of low-variance derivative estimates attributed from anti-
thetic sampling discussed in Chapter 6, we compare the inverse rendering performance using

derivatives estimated with and without this technique.

BSDF antithetic sampling. We now show inverse-rendering results with and without
BSDF antithetic sampling (§6.2) using our unidirectional and bidirectional algorithms (I.1,

1.2) labeled as “PS1” and “PS2”, respectively, as the base methods.

Figure 8.6 uses a GLASS-BUNNY scene where a glass bunny model is rotated around the verti-
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Figure 8.6: Inverse-rendering comparison using GLASS-BUNNY scene: We search for
the rotation angle of the glass bunny to match the target image by minimizing the image
RMSE (the plotted parameter RMSE information is used for evaluation only). The visualized
derivatives involve both interior and boundary contributions with the latter estimated using
the base method for both results.

cal axis (as illustrated in “Config.”). Using our unidirectional estimator (I.1), the derivative
images (including both interior and boundary contributions) corresponding to the initial
configuration are shown in the top row. These images are generated in equal time, and
the one using antithetic sampling (i.e., PS14+Antithetic) enjoys much lower noise. This re-
duced variance makes a significant difference in inverse rendering performance by allowing
the inverse-rendering optimization to converge nicely. Without antithetic sampling, on the

other hand, the optimization fails to converge.

In Figure 8.7, we show a MUG scene consisting of a small area light inside a near-specular
glass mug, creating complex caustics on the surface below, as illustrated in “Config.”. Given
a target image with the desired caustics pattern, we solve for the position (depicted with
three parameters) of the area light. We use the bidirectional path-space algorithm as the base
method for this example. Without antithetic sampling, even with our bidirectional estimator
(I.2), the derivative image remains very noisy, causing the optimization to have difficulties

in converging. With antithetic sampling, on the other hand, the derivative estimates become
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Figure 8.7: Inverse-rendering comparison using MUG scene: We search for the 3D
location of the area light inside the glass mug to match the caustics patterns on the surface
below. Similar to Figure 8.6, the visualized derivatives involve both interior and boundary
contributions.

significantly cleaner, leading to much easier convergence.

Lastly, we show in Figure 8.8 an EINSTEIN scene that contains an area light with spatially
varying emission displaying a distorted photo of Einstein. The emitted light is then reflected
by a glossy surface before reaching the camera. Given a target reflection that is non-distorted,
we solve for the shape of this surface (parameterized using 100 variables). Without antithetic
sampling, our unidirectional estimator (I.1) fails to converge within 300 iterations. On the
contrary, with antithetic sampling, the optimization successfully recovers the target geometry

(as illustrated using the height maps).

Pixel-filter antithetic sampling. To demonstrate the practical effectiveness of our pixel-
filter antithetic sampling with vertices reusing (§6.4.2), we compare inverse-rendering results

with and without this technique.

In Figure 8.9, the VOL-BUNNY example includes a translucent bunny under area lighting.

The KITTYZ2 result uses a configuration similar to that in Figure 6.13 with a Cornell box con-
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Figure 8.8: Inverse-rendering comparison using EINSTEIN scene: We search for the
shape of the glossy reflector (parameterized using 100 variables) so that the reflection matches
the target. We visualize the target and optimized reflector geometries as height maps on the
bottom row.

taining a kitty and an area light facing the ceiling. We use our unidirectional and bidirectional
estimators (I.1, I.2) for the two examples, respectively. For both examples, we optimize the
object shapes by minimizing the image loss (using 20 target images) and use Nicolet et al.’s
method [58] to update mesh vertex positions (provided the estimated gradients). The re-
duced variance offered by our antithetic sampling technique has allowed both optimizations
to converge more quickly, resulting in reconstructed geometries with lower error (measured

by Chamfer distances [6]).

8.2 Additional Inverse-Rendering Results

We now show additional inverse-rendering results generated using our new CPU-based im-
plementation that utilize the efficient differentiation algorithms presented in Chapter 7 and

the Enzyme automatic differentiation framework [55].

We show examples using gradients estimated with our unidirectional algorithm (I.1) in Fig-
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Figure 8.9: We show inverse-rendering comparisons of derivatives estimated with (c¢) and
without (d) our pixel-filter antithetic sampling with vertices reusing (presented in
§6.4.2). The mesh error numbers shown under visualized geometries in (c1) and (d1) as well
as plotted in (¢2) and (d2) indicate the Chamfer distances [6] between the reconstructed and
groundtruth geometries (normalized so that the GT has a unit bounding box). We use this
information only for evaluation (and not for optimization).

ures 8.10 and 8.11 as well as bidirectional estimator (I.2) in Figure 8.12. Additionally,

Table 8.2 summarizes optimization configurations and performance statistics.

In Figure 8.10, the WHITE-BUNNY scene contains a diffuse bunny inside a box. The GLOSSY-
KITTY scene contains a glossy kitty inside a Cornell box, exhibiting strong interreflections.
The COIN scene has a very detailed coin geometry. All there scenes are lit by area illumina-
tion. For each of these three scenes, we take multiple input image views (only one is shown

in the figure) and solve for object shapes by minimizing L; image loss.
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Table 8.2: Optimization configuration and performance statistics for our inverse-rendering
results. The “render time” numbers indicate per-iteration computation time for estimating
image-loss gradients; and “postproc. time” captures the cost for updating mesh vertices
(using Nicolet et al.’s method [58]). All experiments are conducted on a workstation with
an AMD Ryzen 5950X 16-core CPU.

Scene # Target # Param. Batch # Iter. Render Postproc.
images size time time

WHITE-BUNNY 40 30,000 2 1,000 8.40s 0.38s
GLOSSY-KITTY 50 30,000 2 1,000 4.67s 0.35s
Coin 20 1,500,000 3 100 30.57s 11.45s
GLASS-PAWN 40 60,000 2 1,000 4.06s 0.37s
LETTER-Y 30 15,000 4 200 9.06s 0.97s
CUBE-IN-GLASS 50 30,004 2 500  12.75s 0.23s
GLOSSY-BUNNY2 50 150,000 4 600  34.52s 1.75s
CAUSTICS 1 651 1 300 6.46s 0.03s

Additionally, Figure 8.11 demonstrates our ability to treat scenes with non-opaque (i.e.,
transparent or translucent) objects: These settings preclude the use of simpler differentiable
rasterization-based or direct illumination-only methods. The GLASS-PAWN scene contains a
pawn made of blue rough glass. The LETTER-Y scene has a Y-shaped object containing a
volumetric homogeneous participating medium; our system is sufficiently fast to explicitly
treat volumetric scattering effects. The CUBE-IN-GLASS scene is comprised of a diffuse cube
inside a rough glass enclosure; the cube is only visible after refraction, complicating the
inverse-rendering problem. For each scene, similar to the examples shown in Figure 8.10,
we take multiple input images of the object (only showing one in the figure) and optimize
the object’s shape starting from a spherical initialization. In the CUBE-IN-GLASS scene, we
jointly optimize the albedo of the diffuse object, the roughness of the glass, and the cube

geometry.

Lastly, Figure 8.12 illustrates results leveraging our bidirectional estimator (1.2). The GLOSSY-
KITTYZ2 scene contains a Cornell box with a glossy kitty, comprising more complex secondary
transport and a flipped area emitter that faces and illuminates the ceiling (instead of the

central objects), resulting in a mostly indirectly-lit scene. We optimize the shape of the
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glossy object (initialized as a sphere) to minimize image loss. The CAUSTICS scene is an
underwater setting with a glossy Lucy object. This time, with a single target image, we

optimize the shape of the air-water interface without every directly viewing the surface.
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Figure 8.10: Inverse-rendering results obtained with gradients estimated using our uni-
directional estimator (I.1). The mesh error plotted in column (e) captures the Chamfer
distance [6] between the reconstructed and groundtruth geometries (normalized so that the
GT has a unit bounding box). We use this information only for evaluation (and not for
optimization).
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Figure 8.11: Inverse-rendering results obtained with gradients estimated using our uni-
directional estimator (I.1). All examples in this figure involve non-opaque (i.e., transparent
or translucent) objects that cannot be easily handled by simple rasterization-based or direct-
illumination-only differentiable renderers. The mesh, reflectance, and roughness errors are
used for evaluation only (and not for optimization).
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Figure 8.12: Inverse-rendering results obtained with gradients estimated using our bidi-
rectional estimator (I.2). The mesh error is used for evaluation only (and not for optimiza-

tion).
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Chapter 9

Conclusion

Physics-based differentiable rendering focuses on differentiating photorealistic forward ren-
derings with respect to arbitrary scene parameters. Being crucial for not only solving inverse-
rendering problems but also integrating physics-based forward rendering into probabilistic-
inference and machine-learning pipelines, differentiable-rendering techniques have applica-
tions in a wide array of areas such as computer graphics, vision, computational imaging, and

computational fabrication.

This dissertation establishes a new theoretical framework for physics-based differentiable
rendering and introduces a family of new path-space algorithms based on this framework.

Our main contributions are summarized in the following.

Differential path integral. We introduced the theoretical framework of differential path
integrals (Chapter 4) that offers the generality of differentiating both interfacial and volu-
metric light transport with respect to arbitrary scene parameters. To devise the differential
path integrals, we rewrote forward-rendering path integrals [81, 65] in the material form

(Chapter 3), where the domain of integration is independent of the scene parameters.
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Path-space differentiable rendering algorithms. Based on the new framework, we
developed new Monte Carlo methods that provide unbiased and consistent estimations of
the interior and boundary components of differential path integrals (Chapter 5). Specifically,
for efficient estimation of the boundary component, we introduced a multi-directional method
(Algorithm 1) that does not require explicitly searching for object silhouettes. In practice, our
techniques are capable of efficiently handling complex scene geometries and light-transport

effects such as soft shadows, interreflection, and caustics.

Antithetic sampling. To further improve the efficiency and robustness when estimating
the interior components of differential path integrals, we introduced antithetic sampling to
path-space differentiable rendering (Chapter 6). Specifically, we developed new antithetic
sampling algorithms for efficient differentiation of glossy BSDF's and pixel reconstruction fil-
ters. In addition, we demonstrated how these algorithms to be applied for full light transport

paths (as opposed to individual vertices).

Efficient differentiation. Lastly, for efficiently handling large numbers (e.g., 10°-10%)
of scene parameters, we presented the formulation of differentiable image-loss path inte-
grals (Chapter 7) that directly expresses image-loss gradients as differential path integrals.
Based on this formulation, we developed algorithms that efficiently compute the interior
components by exploiting the layered structure of computation graphs. In addition, we

demonstrated how the boundary integrals can be handled in a unified fashion.

9.1 Future Research Topics

General light-transport formulations. Our theory and algorithms presented in the

earlier chapters have assumed steady-state and unpolarized light transport. Thus, extending
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our techniques to more general (e.g., polarized) light-transport scenarios is an interesting
topic for future research. Notably, Wu et al. [89] have recently introduced the formulation
of time-gated differential path integrals based on our theory to differentiate time-of-flight

renderings.

Advanced differentiable rendering systems. To integrate differentiable rendering in
inverse-rendering or machine-learning pipelines, efficient systems are as important, if not
more so, as sophisticated theories. Thankfully, significant progresses have been made re-
cently in the development of efficient differentiable renderers such as Redner [45] and Mit-
suba 2 [62] as well as automatic differentiation frameworks such as Enoki [31], Dr. Jit [33],

and Enzyme [55].

In this regard, one important direction for future research and development is to build new
differentiable rendering systems based on our path-space algorithms introduced in the earlier
chapters. To ensure practical usefulness, these systems need to be capable of efficiently
handling complex virtual scenes with large numbers of parameters. Ideally, these systems
should also support models, such as BSDFs, expressed using neural networks. One example
in this direction is the recently released PSDR-CUDA [91] renderer that implements some of

our path-space algorithms on the GPU using a wavefront design.

Physics-based inverse rendering. As discussed in Chapter 8, a major application of
differentiable rendering is to solve inverse-rendering problems. Although we only showed
synthetic results in this chapter, our technique has been used by several recent works for

reconstructing 3D models of real-world objects.

Specifically, Luan et al. [50] have developed an approach to jointly reconstruct the shape and
reflectance of a real-world object. Cai et al. [8] have recently introduced an inverse-rendering

pipeline that utilizes both implicit (e.g., SDF) and explicit (e.g., meshes) representations
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of object geometries. Additionally, Deng et al. [15] have extended our technique for 3D

reconstruction of translucent objects.

Physics-based learning. Lastly, with efficient differentiable rendering systems, integrat-
ing physics-based forward rendering into machine-learning pipelines is worth exploring.
We believe that strategically combining data-driven methods and inverse-rendering (aka.
analysis-by-synthesis) optimizations has the potential to yield new physics-based learning

techniques that enjoy a new level of robustness and generalizability.
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